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^ 1 Introduction 



This is a handout made for the mini-course on stochastic calculus and its applications to mathe- 
matics of finance at the University of Tahar Moulay Saida, organized by Professor Abdeldjebbar 
CN ! Kandouci. 

1.1 The motivation 

g I The enlargement of filtration theory is a study of the semimartingales when the basic filtration 
I— I' changes. This theory provides particular techniques in the stochastic calculus. Such techniques 
^ • have found numerous recent applications in the mathematics of finance, and these applications 

>■ . in its turn have been the motivation of recent efforts to put forward the known results of the 
2 ; theory and to develop new ones (see El [13 [131 [111 [ISl [251 [261 [281 |29l [32 ^ 
00 ! To attend in this movements, we present here a methodology, that we will call the local solution 
^ ' method, introduced in 
(N 

5* ' We will show that the local solution method is an effective and flexible method. The method 
has been checked in various examples that we find in the classical references. Three of them will 
be presented below, namely firstly the initial enlargement with the whole running supremum of 
a brownian motion, secondly the progressive enlargement with Emery's last passage time, and 
finally the filtration expanded by the future infimums of a linear diffusion. Beside of these, using 
the local solution method, we will give new proofs of three of the classical formulas, namely 
Jacod's formula, the progressive enlargement formula and the enlargement formula with honest 
time. 



1.2 Problem of enlargement of filtration 

We now describe formally what we do below. 

We consider a probability space {Q,B,F) equipped with two filtrations F = {J^t)t>o and G = 
iQt)t>o of sub-cr-algebras of B, such that C Qt for t > 0. We assume that F and G satisfy 
the usual condition. 

Let S* be a F local martingale. The problem of enlargement of filtration for S is the question 
whether 5* is a G semimartingale. If it is the case, S will be a G special semimartingale. Then, the 
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drift part of 5* in G will be called the formula of enlargement of filtration, while the association 
of 5* with its drift is called the drift operator. 

If all F local martingales are G local martingales, we say that F is immersed in G and we say 
that the hypothesis(iir) is satisfied. If all F local martingales are G semimartingales, we say 
that the hypothesis(if') is satisfied. See [5| ITTl [22l H] 

1.3 Solving the problem 

A usual standard to solve problems of enlargement of filtration is to classify the problems into 
two categories, namely the initial enlargement or the progressive enlargement, and to apply 
one of the following methods, i.e., Jacod's criterion, Yor's kernel method in the first case; the 
formula for progressive enlargement of filtration, the formula for honest times in the second 
case (see [IH |22l [201 |l9l [29]). 

The local solution method add into the above table the consideration of two other points : on 
the one hand, the notion of local solutions besides the classifications of initial or progressive 
enlargements, and on the other hand, the local search of solutions and their integration to form 
a global one. 

The local solution method is issued from the following observation. When one has tried with 
problems of enlargement of filtration, one has all the experience that something goes through 
easily somewhere, but usually not always and not everywhere. One notice also that the formula 
of enlargement of filtration is such a property that its validity can be defined at each particular 
point and can be checked within a neighbourhood of the point, and in the same time, its validity 
has to be checked for every point. There exist distinctly a local aspect and a global aspect of 
the problem of enlargement of filtration. 



2 Basic vocabulary on semimartingale calculus 
2.1 Stopping times and spaces of semimartingales 

This paper is based on semimartingale calculus. We give some precision on the terminology 
used below. For a complete guide of semimartingale calculus we refer to [71 [HI [ISl [161 El]- 

We work with the semimartingale space "H^ as defined in [HI [22l [31]. We define 'Hl^^f. as in 
[TBI [I5]- A sequence of semimartingales (X„)„>i is said to converge in Hj^^, if there exists a 
sequence {Tm)m>i of stopping times tending to the infinity, such that, for every fixed T^, the 
sequence of stopped processes {X^"')n>i converges in "H^. 

When X is a special semimartingale, X can be decomposed into X = M + A, where M is a 
local martingale and A is a predictable process with finite variation. We will call A the drift of 
X. 

A process X = {Xt)t>o (in some probability space with a filtration) is said integrable, if each 
Xt is integrable. It is said cadlag, if for almost all u, the function t — Xt{u) is right continuous 
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and has left limit at every point. It is said of class(D), if the family of X^, where T runs over 
the family of all finite stopping times, is a uniformly integrable family (cf. [Mf p. 106] and also 

mm)- 

The semimartingale calculus depend on the reference probability measure and on the reference 
filtration. In this paper, where different probability measures or filtrations may be involved in 
a same computation, exponent such as -^'^ will be used to indicate the reference probability or 
filtration. This indication may however be ignored, if no confusion exists. 

The optional (resp. predictable) projection of a process X is denoted by °X or ^■'^-°X (resp. ^X 
or '^■'^"^X). The optional (resp. predictable) dual projection of a process A with finite variation 
is denoted by X" or X^^-^"" (resp. Xp or X^'^-p). 

The word "positive" means "non negative", and "increasing" means "non decreasing". 

For a function / and a cr-algebra T, the expression / G T will mean that / is T measurable. 

Let X, Y be random variables taking values respectively in measurable spaces {E, £) and (F, J-"). 
We use the notion of regular conditional distribution of Y given X in the sense of [T^ [57] . We 
notice that, if tt is a regular conditional distribution, if H{x,y) is S ® measurable and 
integrable, we have (by monotone class theorem) 

j H{X,y)iT{X,dy) = E[H{X,Y)\X~\S)] 

almost surely. 

Equalities between random variables are almost sure equalities. 



2.2 Elementary integral 

We present here the notion of the integrals of elementary functions (which is applicable to 
elementary processes in an evident way). 

Let / be a real cadlag function defined on an interval (a, b] with — oo < a < 6 < oo (where we 
make the convention that (a, oo] = (a, oo)). For any real number c, denote by the function 
t G (a, b] — )■ /(t Ac). A function h on (a, b] is called left elementary function, if h can be written 
in such a form as : h = ^"=o '^^-''-(^■i.^'i+i]' where a = Xq < Xi < . . . < Xn < Xn+i = b {n E N) 
denotes an interval partition of [a, b] and {do, di, . . . , dn} are real numbers. We define hl.(^a,b] • f 
the elementary integral of h with respect to / on (a, b] to be the following function : 

n 

t e {a,b] ^ (/ii(,,,] . f){t) = Y,d,{r^' - rm- 

1=0 

Then, 

Lemma 2.1 1. If h has another representation h = Yl^o^i^{yi,yi+i]) have 

m 

(/il(,,,]./) = 5^e.(/^»+^-/^0 

i=0 
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2. The elementary integral is bi-linear on the product set of the family all left elementary 
functions and of the family of all real cddldg functions on (a, b] . 

3. If g is another left elementary function on {a,b], we have 

igl(a,b] ■ ihl(^a,b] ■ /)) = i9hl(^a,b] • f) 

4. For any real number c, {h\(^a,b] ■ = /il(a,fe] ■ = /il(a,cAb] ■ / 

5. At(/il(,,,] . /) = h{t)\a<t<b^tf for t G M. 

Proof. 

1. Let a = Zi < . . . < Zk < Zk+i = & be a refinement of a = Xq < Xi < . . . < x„ < Xn+i = b 
and of a = yo < yi <...< ym < ym+i = b. We note tliat 



Denote by respectively G and F tlie above two expressions (as functions on (a, b]). Tlien, 
for any points s < t in some {zi,Zi+i], we have 

G{t) - G{s) = F{t) - F{s) = h{z,^^){f{t) - f{s)) 

Since F{s) = G{s) = for s < a, F and G coincides. 

2. The bi-hnearity is the consequence of the first property. 

3. By the bi-hnearity, we need only to check the third property for h = l-(x,x'] and g = 
where x < x',y < y' are points in (a, b]. We have 

= ip' - py - ip' - py 

(/^' j^x^y'Ax' (/^' j^x^yAx' 

_ ^jx' j-x^{y' /\x')yx ^jx' j:x^{y/\x')\Jx 

_ j{y'/\x')\/x jx j{yAx')\/x _j_ jx 

_ j{y'hx')\Jx _ j{yhx')yx 

li y > x' or X > y', the above function is identically null just as gh and ghl.(^a,b] • f do. 
Otherwise, it is equal to 

P'""^' -P''' = 9hl^aM-f 

4. This fourth property is clear for h = ^(s,t] for a < s < t < b. By the bi-linearity, it is valid 
in general. 

5. It is clear for h = ^(s,t]- By the bi-linearity, it is true in general. 
The lemma is proved. ■ 

Let Bj = {ai,bi\,i > 0, be a sequence of non empty left intervals. Look at the union set Ui>oBj. 
One of the following situations hold for a x G M+ : 

- X is in the interior of one of Bj for i > 0. 

- X is in the interior of Uj>oBj, but it is in the interior of no of the B, for i > 0. In this case, 
X is the right end of one of Bj. There exists a e > such that (x, x + e) C Uj>oBj, and for 
any i >0, either Bj C (0, x], or Bj C (x, 00). 
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- x is in Uj>oBj, but it is not in its interior. Then, x is the right end of one of and there 
exists a sequence of points in (Ui>oBj)^ decreasing to x. 

- X is in (Ui>oBi)'=. 

Consider the right end points hi. A point hi will be said of first type if aj < hi < hj for some j. 
It is of second type if it is not of first type, but hi = aj for some j. It is of third type if it is not 
of first neither of second type. 

Lemma 2.2 Let f be a cadlag function on M. Let a < h. Suppose that {a,h] C Uj>oBi. Suppose 
that the family of right end points of third type has only a finite number of accumulation points 
in {a,h). Suppose that the limit of l.(^a,b]^Uo<i<nBi • f exists when n 'j" oo with respect to the 
uniform norm on compact intervals. Then, the limit is simply equal to ]l(a,6] ■ /■ 

Proof. We denoted by 1(^,6] luo<i<ooB, ■ / the hmit of l^a,b]'^uo<r<nBi ■ /• 

1. Suppose firstly that there exists no right end point of third type in (a, h). Let a < s < t < h. 
Then, [s,t] is contained in (Uj>oBj)°, where the exponent ° denotes the interior of a set. 
Note that in the case we consider here, the right end points are interior points of some 
(Uo<i<nBj)°, n > 0. So, [s,t] C U„>o(Uo<i<nBi)°. There exists therefore a > such that 
[s,t] C U„>o(Uo<i<nBi)°. We have 

ft - fs = ■ f)t 

= (l(s,t]luo<i<jvBi ■ f)t = limntoo(l(s,t]luo<i<„B, ■ f)t 

= limntoo(l(s,t]l(a,fe]luo<.<„B, ■ f)t 

= limn-^oo(l(s,t] ■ (l(a,fe]luo<,<„B, ■ f))t 

= ■ (l(a,6]luo<»<ooBi ■ 

= (l(s,6]luo<,<ooB, ■ f)t - (l(s,b]luo<i<ooB» ■ f)s 

As (l(s,b]luo<i<ooBi ■ /)s when s | a, we obtain 

ft- fa = (l(s,fe]luo<,<^B, ■ /)t, Va <t<h. 

Now to obtain the result stated in the lemma, we need only to check that Aii{lL(^s,b]'^Uo<i<ooBi- 
f) = Abf. Notice that there exists a A^ > such that h G Uo<i<nBi for all n > N. We 
have 

A6(l(s,b]luo<.<ooBi ■ /) = lim„too Afe(IL(s,f,]luo<,<„B, ■ /) 

= A,/ 

The lemma is proved when no right end point of third type exists. 

2. There exist a finite number of right end points of third type in (a, h). Let Vi < V2 < . . . < Vk 
are the right end points of third type in (a, h). Applying the preceding result, 

lim„^oo l(a,fe]luo<,<„B, ■ / = Z)|=o linintoo 1 (,;^. luo<,<„B, . f {vq = a, Vk+1 = h) 

= Ej=o ■ / = ■ / 

The lemma is true in this second case. 

3. There exist an infinite number of right end points of third type in (a, 6), but h is the only 
accumulation point of these right end points of third type. We have, for a < t < h, 

(l(a,fe]luo<»<ooB, ■ f)t = (limnfoo 1 (a,fe] luo<,<„Bi ■ f)t 

= (lim^^oo l(a,t]luo<,<„B, ■ f)t 
= (l{a,t] ■ f)t = (l{a,6] ■ f)t 
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As before, the two functions has the same jumps at b. The lemma is true in this third 
case. 

4. There exist an infinite number of right end points of third type in (a, b), but a is the only 
accumulation point of these right end points of third type. Let a < s. 

(l{a,6]luo<i<ooBi ■ /) ~ (l{a,6]luo<i<ooBi ■ f)" 

= lim^^oo ■ (l(a,b]luo<,<„B, ■ /) 

= hm„|oo l(s,6]l(a,6]luo<,<„Bi ■ / 
= lim„-^oo l(s,b]luo<i<„B, ■ / 
= ■ / 

Since {l.(^a,b]^Uo<i<aa^i • /)* tends to zero when s a, the lemma is true in this fourth case. 

5. There exist an infinite number of right end points of third type in (a, b), but a, b are the 
only accumulation points of these right end points of third type. We have 

lim„|oo l(a,6]luo<,<„B, ■ / = lim„too l(a,a+^]luo<,<„B, ■ / + lim„-^«, l(<j+6^_ft]luo<,<„Bi ■ / 

6. There exist an infinite number of right end points of third type in (a, b), but there exist 
only a finite number of accumulation point of these right end points of third type in (a, b). 
Let vi < V2 < . . . < Vkhe the accumulation points in (a, b). Applying the preceding result, 

lim^^oo l(a,fe]luo<,<„B, ■ / = E|=olimntoo 1 luo<,<„B, ■ f {Vq = Vk+1 = b) 

The lemma is proved. ■ 



3 Pieces of semimartingales and their integration to form 
a global semimartingale 

We study the question of integrating a collection of pieces of semimartingales into a global 
semimartingale. The result is initiated in [39] and achieved in |40) . 

3.1 Assumptions 

Let S" be a real cadlag G adapted process. Let B be a G random left interval (i.e. B = (T, U] 
with T, U being two G stopping times). We say that S* is a G (special) semimartingale on B, if 
1b . 5* is a G (special) semimartingale. We consider the following assumption. 



Assumption 3.1 We suppose 
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i. S is a special semimartingale in its natural filtration. 

a. There exists a sequence of random left intervals (Bj)^^^ on each of which S is a special 
semimartingale. In any bounded open interval C Ui>oBj, there exist only a finite number 
of accumulation points of the right end points of third type in the sense of Lemma \2. H 

Hi. There is a special semimartingale S such that {S ^ S} C Uj>oBj. 

Remark that, under the above assumption, denoting by S'^ the continuous martingale part of 
S in its natural filtration, the bracket process 

[S,S]t = {S\S')t + Y,^/^sS)\ t>0, 

s<t 

is well-defined locally integrable increasing process in the natural filtration of 5*. 

For any G stopping time R, let dpi = inf{s > R : s ^ Uj>oBj}. Either belongs or not to 
Ui>oBj. But always = 5*^^. Let 

A = UseQ+ (s, ds], C = A \ Ui>oBi 

A and C are G predictable set. C is in addition a thin set contained in Usg(Q_|_ [ds] • Let C be the 
thin process 

Ct = i{tec}MS-s),t>o 

We introduce the process gt = sup{0 < s < t;s ^ Un>oB„}, t > (when the set is empty, 
gt = 0). It is an increasing left continuous G adapted process, i.e. a predictable process. For 
any e > 0, set A^ = {s > : s — > e}. We can check that A^ C As for S < e and A = Ue>o^e- 
Note that ^ Uj>oBj. Define successively for every n > the G stopping times : {dii_-^^ = 0) 

Rn = inf{s > : s G Ae} n > 0. 

For any s G A^, there exists a s' < s such that [s' , s] C A^. Therefore, i?„ ^ A^ and i?„ < d^j^ if 
Rn < oo. Moreover, i?„, G Uj>oBj and dn,^ — gdj;^^ > e and ((i_R„, (i_R„ + e) fl A^ = 0. Consequently 
dn^ + e < Rn+i and limfc_5.oo Rk = oo. We can write Ae = U„>i(-R„, d^i^] and hence 1a, is a left 
elementary process on any finite interval. 

For a cadlag process X, set = {t > : Xt^ > > Xt or Xt- < < Xt\. We introduce 

the process (eventually taking infinite values) 

= T.O<s<t l{^eA}lj(5-5)(s) l-^ -S\st> 0. 

Under Assumption 13.11 Ib^ . S* is a special semimartingale for any z > 0. We denote by x^' f he 
drift of Ifii ■ S. It is clear that the two random measures dx^" and dx^^ coincides on Bj fl B^ for 
i,j > 0. We can therefore define with no ambiguity a cr-finite (signed) random measure dx^ on 
Ui>oB, such that 1b, dx^ = dx^^ 

We will say that a signed random measure A on IR+ has a distribution function, if J^^ \d\\s < oo 
for any t > 0. In this case, the process t > A([0,t]) is called the distribution function of A. 
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3.2 The results 



Theorem 3.2 Suppose Assumption For S to be a semimartingale on the whole M_|., it is 
necessary and it is sufficient that the random measures dx^ has a distribution function and 
the process C is the jump process of a special semimartingale. 

The necessity of this theorem is clear (recalhng that S is locally in class(Z})). The sufficiency 
will be the consequence of the following lemmas. 

Lemma 3.3 (We assume only the two first conditions in Assumption Suppose that the 

random measure dx^ has a distribution function x^. Then, luo<i<„Bi • S,n > 0, converges in 
'Hloc ^ semimartingale that we denote by 1uj>oBj ■ •S'. This semimartingale is special whose 
drift is x^ . 

Proof. We use |22[ Corollaire(1.8)] to control the martingale part of lu^j^.^^Bi ■ 

S by ILuo<.<„B, ■ 

[S*, S*], and the drift part of lu^^^^^Bi ■ "S* by x^. We notice that luo<,<„Bi is a left elementary 
process and hence the computation of ly^^^^^Bi ■ [S, S] is made by the quadratic variation which 
is independent of the filtration G.I 

Lemma 3.4 Suppose that the distribution function x^ exists and the process C is the jump 
process of a special semimartingale. Then, the process A is finite valued, and the three G se- 
mimartingales 1a, . (5* — 5"), 1a, . {S — S)^ and 1a, . (5* — S)^ , n > 0, converge in T-Qoc 
semimartingales that we denote respectively by 1a . (5* — S), 1a . (5* — S)~^ and 1a . (5* — 5*)". 
They are special semimartingales . We have 

1a . (5 - sy = 1|(5_5)_>o}1a . (5 - 5) + 1a . a + IIa . 
1a . (s - sy = -1|(s_5)_<o}1a . - 5) + 1a . a + IIa . 

for some continuous increasing process null at the origin which increases only on the set 

{tek-.iS- S)t- = 0} 

Proof. Let the process C be the jump process of M + V, where M is a G local martingale 
and is a G predictable process with finite variation. By stopping S, S, M, V if necessary, we 
assume that [S — Sy and M* are integrable, [S — S)oo exists, and the total variations of x^ 
and of V are integrable. 

As the random measure dx^ has a distribution function x^, the random measure l(R,d^] ■ dx^ 
also has a distribution function. The following limit computation is valid in "H^ : 

■ (lu,>oB, ■ {S - S)) 

= lim„^oo ■ (luo<i<„B, ■ ('S' -S)) 

= lim„|oo(l(R,dB]luo<,<„Bj ■ (5' - 5) 

Notice that the limit in "H^ implies the limit with respect to the uniform convergence in compact 
intervals in probability. Lemma [2.21 is applicable. For any R <t < dji, 

■ (lui>oB. ■ (S - S)))t = (l(fl,dH] ■ - S))t 
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With Lemma [2. 11 we compute the jumps at : 

Ad^(IL(fi,d^] . (lu,>oB. ■ {S - S))) = l{R<dR}^{dReu,>oB,}^dn{S - S) 
These facts imphes 

Note that [((i_R){_R<dfl,d^^u,>oBi}] = (-Rj c^i?] \ ^i>o^i is a G predictable set. This means that 
the G stopping time (dji) ^R^dR,dR(^Ui>oBi} is a predictable stopping time. Let (Ir to denote this 
predictable stopping time. Consider the following jump process : 

l{i?<dH}l{dB^U,>oB,}Arf^(S' - S')l[d^,oo) 
= 1 {R<dii} 1 {dfl^U,>oB,}C'dfl 1 [dfl,oo) 
= l{R<dH}l{dfl^U,>oB,}Ad^(M + V)l[dR,oo) 

= h^RriM + v) 

Combining this equation with Lemma [3. 3[ we see that ]l(_R,d^] .{S — S) is a G special semimar- 
tingale whose drift is given by l(_R,d^] ■ + ^[cIr] • ^ ■ 

Applying now the argument of the proof of Lemma 13. 3[ we see that Ia^ . (5 — 5) converges in 
H} to a special semimartingale \^.[S — S\ 

Recall, for t > 0, 

^{R,dR]'M= ^ [l{(5-5),_>o}('S'- 5')^ + l{(5„5)^_<o}(5'- S');^'] = ^ |S'-S'|s. 

R<s<dRAt R<s<dR/\t,s£j{S-S) 

According to |15[ Chapter 9 §6] applied to the semimartingale [S — iS')'^^l[i^^oo) 
S) + {Sr — Sr)1.ir^oo), we know that the process 

'^-^(X) = 2[]1(^,,,] . (S - S)t - 1{(5-5)_>0}1(«,<^«] ■ (S - S)t - liR,dR] . At], t > 0, 

is not decreasing, continuous and null at the origin, which increases only on the set {t G {R, rf/j] : 
(S — S)t- = 0}. Note that, if we take another G stopping time R', the random measure dl^^''^^'^ 
coincide with the random measure dl^^'^R^ on (i?, dR]n{R', dRi]. Therefore, there exists a random 
measure d/^ on A such that 1(r (^^j .d/^ = d/'-'^''^^^ (Note that d/^ is diffuse which does not charge 
C-) 

We have the following computation for any e > : 

E[Jl,Ss){dl^ + 2dA,)] 
= E[/lu„>o(i?.,^«„](^)« + 2rf^)] 

= limfetoo Eo<n<fe 2E[(5 - 5)+^^ - {S - 5)+^ - l{(^s-s)->o}^{Rn,dRj ■ - 5)d^J 

< limfctoo Eo<n<fc2E[(5 - 5)+ ^l{R„<oo,d«„=oo} + l{(5-5)->0}(l{fln,rfHj ■ MX^'U + ■ M^|oo)] 

< ^nEn>oiS - S)j^ l{«„<oo,.«„=oo}] + 2E[/;^(|rfx^| + \dV,\)] 

< 2E[(S - Syj + 2E[/„°°(|rfx^| + \dVs\)] < oo 

Here the last inequality is because there exist only one n such that i?„ < oo, dR„ = oo. Let 
e -> 0. 1a, (s) tends to 1a(s). We conclude that E[J^ tf,{s){dl'^ + dAs)] < oo. That means that 
A is finite valued and dl^ have a distribution functions l^. 
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It is now straightforward to see that 1. . [S — S)~^ converge inH^ to a hmit that we denote by 
1a . (5* — iS)^, which is equal to 

1a ■ (5 - S)+ = 1|(5„5)_>o}1a .iS-S) + l,.A + ^l,.r 
The first part of the lemma is proved. 

The other part of the lemma can be proved similarly. Notice that we obtain the same random 
measure dZ^ in the decomposition of {S — S)~u 



Lemma 3.5 Suppose that the distribution function exists and the process C is the jumps 
process of a G special semimartingale. Then, S is a special semimartingale. More precisely, let 

v+ = {s - sy - {s - s)+ -ii,.{s - s)+ 
V- = {s - sy - {S - S)^ -i^. is - s)- 

V~^,V^ are non decreasing locally integrable processes. They increase only outside of k. We 
have : 

S = So + lA-iS ~ S) + v-^ -V~ + S. 
Proof. Let X = [S — S)'^ and X' = {S — S)~ . For a e > 0, we compute the difference : 
X - Xo - 1a, . X = X - X° - J^(X'^«" - X-^") 

n>0 

= 5]](X'^«" - X^") + ^(X^" - X'^^-i) - ^(x-^^- - X^") 
= ^(X^"-X'^«"- 



n>0 n>0 n>l 



n>0 



According to Lemma 13.41 1a . X exists as the limit in "Hl^^ of 1a, . X. Let e tend to zero. The 
first term of the above identity tends to a process V'^ = X — Xq — 1a ■ X, uniformly on every 
compact interval in probability (in particular is cadlag). 

Consider the last term of the above identity. For t > 0, let N(t) = sup{k > l',dji^ < t} 
{N{t) = if the set is empty). Recall that, on the set {dn- < oo}, X^^ = 0. We have 



= Xf ° + Xf ^ + Xf ^ + Xf 3 + . . . + xf '^('^ + xf 
recall that dR^^^^^ <t so that RN{t) < t 

= ^Ro + -^-Ri + + + • • • + ^-Rjv(i) + 

= Enio ^Rr^ + ^<l{f^fl^(t)<t<^?iV(t) + l} + ^RN{t) + A{RN(t) + l<t} 

Notice that Xtl{dn^^^^<t<R^^,^+,} = Xtl{dn^^^^<t<R,,^,^+,} because X^^^^^^ = 0. If t G A, for e small 
enough, t will belongs to A^. As the interval (rf/j^^^j, i?7v(t)+i) is contained in the complementary 
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of Ae, we must have ^ <t<RN(t)+i} = 0. If t ^ A, by the Assumption 13.11 Xt = 0. In sum, 

for every t > 0, there is a e{t) such that, for e < e{t), 

N{t) 

^{X^" - = ^Xr„+ ^ij^(,)+il{ij^(,)+i<t} = ^XR„l|^„<t| 

n>0 n=0 n>0 

From this expression, we can write, for < s < t, 

\/+ - \/+ = lirn(^X«„l|H„<*} - 5^Xft,l|«„<,}) = lirn^X^„l|,<«„<,} > 0, 

^ n>0 n>0 ^ r!.>0 

i.e. is an increasing process. Moreover, for a fixed a > 0, since A^ C A^ for any e < a, since 
Rn ^ Ae, ]Ia„ . V^^ = 0. This argument shows that the random measure d^"*" does not charge A. 
Finally, as X is locally in class(Z}), is locally integrable. 



According to Lemma | 

1a . X = ]1|(5_5)_>o}]1a . (5 - 5) + 1a . a + ilA . 

and, therefore, 

X = Xo + 1|(s_s)_>o}1a . (5 - ^) + 1a . a + ilA . + V^^ 
In the same way we prove 

X' = - 1|(5-5)_<o}1a .{s-s) + i,.A + h,.r + v- 

Writing finally S = X — X' + S , we prove the theorem. ■ 



4 A method to find local solutions 



We now consider the problem of enlargement of filtration for a F semimartingale X. By a local 
solution, we mean the fact that, for a couple T < f/ of G stopping times, l(T,f/] ■ X is a G 
semimartingale. According to Theorem 13. 2[ if we success to collect enough local solutions, we 
will be able to solve the problem for X. 

In this section we give a method to find local solutions. The result is taken from |39] . 



4.1 The functions h^\u > 

We need some topological properties behind the filtrations. We assume that f2 is a Polish 
space and B is its borel cr-algebra. We assume that there exists a filtration F° = (J-'^°)f>o of 
sub-(T-algebras of B such that 

J^^ = jr°^ V A/", t > 0, 
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where M is the family of (P, S)-neghgible sets. We assume that there exists a measurable 
map / from Vt into another polish space E equipped with its borel cr-algebra and a filtration 
I = {Xt)t>Q of countably generated sub-borel-cr-algebras, such that Qt = Qt+ V A/", t > 0, where 
Ql = J=l V > 0. We recall the following result (see ^ Theorem 4.36]) 



Lemma 4.1 For any F stopping time T , there exists a stopping time T° such that T = T° 
almost surely. For any A G J^t, there exists a A° ^ J^^o_^_ such that AAA° is negligible. For any 
F optional (resp. predictable) process X, there exists a F^ optional (resp. predictable) process 
X° such that X and X° are indistinguishable. 

A similar result holds between the couple G and Q\ = {Qi_^_)t>o- 



Remark 4.2 As a consequence of Lemma l¥?T| we can speak about, for example, the predictable 
dual projection of an integrable increasing process with respect to the filtration = {Qi_^)t>o '■ 
this will mean that we compute the predictable dual projection in G, then we take a version in 



Consider the product space ^IxE equipped with its product a-algebra and its product filtration 
J composed of 

Jt = a{A X B -.AeJ^t, Be It}, t > 0. 

We introduce the map (p on Q such that (f){u}) = {u,I{u)) ^ Q x E. Notice that, for t > 0, 
= 4>~^{J^t)- Therefore, for C G Q^,, there exist a sequence (-D„),„>i of sets in respectively 1 1 

71 

such that C = (f)^^{Dn), which means C = 0~^(n„>i Ufc>n D^) G (f)"^{J't^). This observation 
yields the equality Q^^ = (j)~^{JtJ^),t > 0. 

We equip the product space Q x E with the the image probability /i of P by (p. We introduce 
the identity map i on fl, the map ({u, x) = x and the map t.{u, x) = u for {u, x) E Q x E. For 
t > 0, let 

'^t,F/F{^,d^') = regular conditional distribution of the map i under P 
given the map i (itself) as a map valued in {Q,J^^) 

7Ttj/F{u},dx') = regular conditional distribution of / under P 
given the map i as a map valued in [fl, J^°) 

TTtj/ilx, dx') = regular conditional distribution of / under P 
given I (itself) as a map valued in {E,I^) 



Remark 4.3 There exist situations where F° is generated by a borel map Y from into 
a polish space F equipped with a filtration IK = {lCt)t>o of sub-borel-a-algebras on F, such 
that J^^ = y~^(/Ct),t > 0. Let TTt{y,duj') be the regular conditional distribution of i under P 
given the map Y considered as a map in the space [F, ICt). Then, 7rt{Y{u), du') is a version of 
'^t,F/F{^, doj'), and its image measure by the map / on is a version of vr^ //^(w, dx'). 



For a fixed u > 0, for any t > u, let h^{uj, x) to be a function on Q x E which is jTj-measurable, 
such that, for P-almost all u, 



t,I/F 



[u, dx) 



Trt,i/Fi(^,dx) + J 7ruj/F{uJ,dx")7iuj/i{x",dx) 



It 
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We introduce a family of probabilities z/" on indexed by n > determined by the equations : 



'Ku,F/F{,hduj) / TTu,I/l{C,dx)f{u,x) 



where f{u, x) is a positive J'^o measurable function. We notice that z/" coincides with fi on J'^, 
on and on (~^{Zoo)- The kernel J Tiu^pjp^i.duj) J 7iuj/i{Cydx) is a regular conditional 

distribution of the identity map on Q x E, under the probabihty z/" given JT^. 

Lemma 4.4 Let M to be a W^-adapted cddldg P integrable process. Then, M is a (P, E)- 
martingale on [n, oo), if and only if M[i) is a (z/",J_|_) martingale on [u,oo). 

Proof. Note that, because of the cadlag path property, M is a (z/", J_|_) martingale, if and only 
if 

E,.[Mt(0l^(0lB(C)] = E,.[M,(01a(01b(C)] ■ 
for any t > s > u and for any A & , B & Xs. This is equivalent to 



E, 



/ 71u,f/f{l, du)Mt{uj)lA{(^) J 7ru,i/i{C,dx)lB{x) 

J TTu,F/F{L,duj)Ms{uj)lA{uj) J 1TuJ/l{C, dx)lB{x) 



or to 



Ep [MtlAElJ 'Ku,i/iiI,dx)lB{x)\T:]] = Ep [MslAnl 7r^,i/i{I,dx)lB{x)\T:]] 
The last relation is true if and only if M is a (P, F)-martingale on [u, oo). ■ 



Lemma 4.5 For t > u, the function exists and it is a version of 



Jt 



(respectively, 



2 - /,« = ^ 



Jt 



). Consequently, the right limit version 



h^_^_ = lim sup h{u;,x), t > u, 

t>0,e^O seQ+,u<s<u+e 

is well-defined and the process = {h^_^)t>u is a cddldg (/i + z/", J+) uniformly integrable 
martingale on [u, oo). We have < /i" < 2 and, if 

r"(w, x) = mi{t > M : = 2} 
v^'lu, x) = inf{t >u:h'^^ = 0} 

/iJY = 2 for t G [r", oo) and h^_^ = for t G [w", oo), (/i + z/") almost surely. We have also 

fi[v'' < oo] = 0, z/"[r" < oo] = 0. 



13 



Proof. We prove first of all two identities : Let t > u. Let H > he J't measurable, 



E,u[H] = Ep[j7r,j/F{\,dx")jH{\,x)n,j/i{x",dx)]. 



By monotone class theorem, it is enough to check them for H = ILyi(i)ILB(C) where A G J^^ and 
B E If But then, because 



we have 



J lB{x)TTt,I/F{t',dx) = J lA{l^)'^B{x)7rtj/F{t^,dx) 

E^[1^(01b(C)] = Ep[1a1b{I)] 

= Ep[]l^Ep[lB(/)|J'i]] 

= E^[1a J lB{x)nt,i/F{;dx)] 

= Ep[/ lA{-)^B{x)7rt,i/F{-,dx)] 



and 



e,4]1a(01b(C)] 



/ 7ru,F/F{i^,duj) J 7ruj/i{C,dx)lA{(jj)Ti-B{x)] 

J 7Tu,F/F{^,du)lA{uj) J 7lu,I/l{I,dx)lB{x)] 
J 71u,F/f{^, du)lA{uj)Ep[J TTuJ/lil , dx)lB{x)\J'u]] 
IaMI 7^u,I/l{I,dx)lB{x)\J^u]] 

Ep[1a J ■Ku,i/F(\,dx") J nu,i/iix",dx)lBix)] 
Ep[J 7iuj/F{^,dx") J 7r„j/7(x",dx)lA(i)li?(a;)] 



which concludes the identities. 
Let be the density function 



. For A e Tl, B e X^, we have 



Jt 



2E^[1a1b] = E^\\a'^bK\^E,^\\a^bK\ 
Applying the two identities for E^ and for Ej,u, the above relation becomes 

2Ep[/ 7rt,//i.(i,dx)lA(i)lB(a;)] 
= Ep[/ 7rt,//ir(i, dx)\AiS)\B{x)Ki{\, x)\ + Ep[/ 7r„,//F(i, dx") J nu,i/i{x", dx)lA{\)lB{x)h^{\, x)] 



or 



2Ep[]l^(i) / 7it,i/Fi\,dx)lBix)] 
= Ep[lA(i) (J 7itj/F0,dx) + J Tiu,i/FO,dx") f 7iuj/i{x",dx)) 

When A runs over all J^^, the above equation becomes 



2 J 7rtj/F{\,dx)lB{ 



X] 



TltJ/F{}:dx) + / -KuJ/Fi^.dx") / 7r„,/// (x", c/x) ) Ifi (x) /i" (i , x) 



-almost surely. Since Xt is countably generated, we conclude 



2 / TXtj/F(\,dx) 



■Kt,i/F(\,dx) + I Tiuj/FO.dx") / 7r„,//7(x",rfx) /i"(i,x) 



It 



-almost surely. This is the first part of the lemma. 



The second statements on /i" are valid, because /i" and 2 — /i" are positive (/i + z/", 
supermartingales. For the last assertion, we have 



yu[t;" < oo] 
z/"[r" < oo] 



Ei(^+^„)[l{„.<t}/iJV] = 
Ei(,+,.)[l{..<*|(2-/ir+)] = 0. 

14 



Along with the function /i", we introduce two processes on [u, oo) 



M^.x) = ^^^^^^^^ 



4.2 Results based on the process a" 

In this subsection we study the process a". 

Lemma 4.6 Fix u > 0. Let p to be a J ^-stopping time such that u < p < t^. We have, for 
any J^-stopping time n with u < n, for any A G J'k+, 

Consequently, l[o,«) + «''1[m,p) is a (z/", J+) supermartingale. Moreover, a" > on [u,p) under 
the probability p. For any positive J+ predictable process H , 

Suppose in addition that {a'^l.[u,p))'^ is of class (D) under u"". Let V be the increasing S+ predic- 
table process associated with the supermartingale l[o,u) + (see l34l p. 115 Theorem 13] 
and Lemma 4-l\ )- For any positive J+ predictable process H , we have 



J u 

Let B be a Jj^ predictable process with bounded total variation. We have 

J u 

Consequently, E^i\j'l^ \s^u<s<p}^{a^_=o}dBs] = 0. Let C 6e a JI+ optional process. Suppose that 
the random measure AC on the open random interval {u, nAp) has bounded total variation. For 
any bounded J+ predictable process H , We have 

/»00 /"OO 

E^[ / 

Jo Jo 

In particular, 

. cr'+-'p = ^ . (]i(„,.Ap)«" . cy''-'+-p 



Proof. Note that /i" , is a version of 



. From this relation, it results that, for any 



positive J7«;+ measurable function /, 

2E^[/]ii«<,}] = E^[/]i|«<,|/i«+] +E,.[/i|«<,i/i::^ 
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or equivalently 

E,[/(2 - K^)\{^^,}] = E,u[f{2 - /i«+)«a{.<p}] 

This last identity is an equivalent form of the first formula of the lemma. To see the super- 
martingale property of l[o,u) + it is enough to notice that fi = on Ju and, for 

E,.[lA<l{t<p}] = E^[]l^l|t<p}] < E^[l^l{,<p|] = E,.[1a<1{s<p}], for m < s < t 
E,.[l^<l{t<p}] = E^[l^l{t<p}] < E^J]1a1{s<p}] = = for < s < m < t 

E;,n[lA] = El." [1a], for < s < t < u 

The positivity of a" on [m,p) is the consequence of y,\v'^ < oo] = by Lemma [4.51 

The second formula of the lemma is a direct consequence of the first one. To prove the third 
formula of the lemma, we need only to check it on the processes H of the form l^l(a oo) with 
< a < oo and A G J7a, and k > u. We have 

{u<p<k}] — ^fi[^A^{a<p}^{u<p<K}] 

= IE^[lAl{a<p}l{«<p}] — E^[lAl{a<p}l{K<p}] 

= E^ull^a^^^l {a<p}'^{u<p}] - IE^"[lAaaVKl{a<p}l{K<p}] 

= E,,.41a (aav«l{aV«<p} - "aVKl{aVK<p})] 
= E,u[1a (Vav.-Vavu)] 

= E,4i^/;i(,,oo)(s)t^K] 

For the fourth formula, we write 

'^hIBkap — Bu] = E^[(i?K — Bu)1{k<p}] + Ef^[{Bp — 5u)l|K>p}] 

= E,u[{B, - 5j<l|,<p}] + E^[{B, - Bu)l{u<p<.}] 
= E,u[{B, - 5„Xl|«<p|] + E,.[/;(5, - Bu)dVs] 
= EAiy^^dB,] 

Finally, for the last formulas, let K = H\(u^kap) • C. We note that K,^ = K^^^^p^ and Kg = 
0,Vs < u. Applying the preceding formulas, we can write 

Ep,[J^ Hsl(u,KAp)is)dCs\ = E^[K^;,p_] 

= E,u [K^^ 1 |,<,}a:: + /J K,^ dVs] 
= E,u [K,lL{,^p}a^, + £ Ks-dVs] 

= E,4£K,_d{a-liu,p))s + £{a^liu,p))sdK, + /jAVrfK] 
= E,4£{a^l[u,p))sdK,] 

because {a'^l.[u,p))'^ is of class(D) 
= E^u [J^ a'^l,^u,KAp){s)HsdCs] 

We can write again 

E,[J^ Hsd{l^u,.Ap) . C)f'^-P] = E,[J^ H,l{^u^^o}d{liu,.Ap) . 

= E^[/q Hsl{a'^_>0}T^{u,KAp){s)dCs] 

= Ej,«[/q Hsl{a^_yO}a'^^(u,KAp){s)dCs] 

= E,.[/~ Hsl{au ^oyd{a^l^u,.Ap) ■ C)f-'+-P] 

= E,.[/~ <_^i7,l|,._>o}rf(«"l(„,.Ap) ■ C)f-'+-P] 

= E^[/„°° Hs^d{a-l^u,.Ap) . C)f I 
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Theorem 4.7 Let M be a bounded (P, F) martingale (assumed to be adapted). Let u > 0. 
Let p to be a J^-stopping time such that u < p < r". Let (M(i), denote the J+- 

predictable bracket of the couple of M{l) and l.[o,u) + C(^^[u,p), computed under the probability 
in the filtration J ^ . Then, there exists an increasing sequence {r]n)n>i c/J+ stopping times such 
that sup„>;^ Vni4') > p(0) ^-almost surely, and for every n > 1, M is a special G-semimartingale 
on the random left interval {u, rjn o 0] such that the process 

is a (P, G) local martingale. 

If 1(m,p((^)] ^u^^-^ • a"l[„^p))'^"'^+ o (j) has a distribution function under F, the above decom- 

position formula remains valid if we replace rjn by p. 

Remark 4.8 Notice that, according to [391 Proposition II. 2. 4], different version of {M{l), 
under i/" give rise of indistinguishable versions of (M(i), q;"]1[^j^p))'^"'-^+ o on (M,r"(0)] under 
P. 

Proof. In this proof, instead of (resp. r", t;", a", {M{l), a"]l[„ p))'^" ■•"+), we shall write u (resp. 
r, V, a, {M{l), al.[u^p))). For each integer n > 1, set 

7^ = inf{t > u : at > n} and 7" = inf{t > u : at < ^/n}, n > 1. 

Let (7^)„,>i be a sequence of JI+-stopping times tending to 00 under u such that 7° > m for 
every n > 1, and {M{l), al[u,p))'^^ has bounded total variation. Let rj^ = In ^ In ^ In ^ P- Note 
that 7+ = r on {7+ < 00}, 7^ = r A t; under p + u. We have 

P[^oo(0) < P(0)] = PIVoc < P]= K[^{r,^<p}aVoo] = E^[]l{rAt.<p}ttrA«] = 0. 

Fix an n > 1. Let k be a J+-stopping time such that u < k < rjn- The stopping time k satisfies 
therefore the condition of Lemma 14.61 Recall also Lemma 14.41 according to which M[i) is a 
martingale on [m, oo). 

Set = M — Ap(0)Ml[p(0).oo)- Applying Lemma [4. 6[ we can write 
= E^[(M^(0.-M^(0„)] 

= Ep[(M(0. - M(0„)l{.<p}] + Ep[(M^(0« - M^(0„)l{«=p}] 

= E,[(M(Ok - M(0„)aa{K<p}] + Ep[(M(Op- - M(0„)l{«<.=p}] 

= E,[(M(0. - M(0 JaKl{.<p}] + E.[/;(M(0„ - M{L\)dV] 

= E,[/;rf(M(o,«iKp)).] 

The above process is well-defined 

and it has bounded total variation, because — < n on (m, k] 
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This identity on Ep[(M^(^) - M^)] implies that (cf. |T5l Theorem 4.40]) 



H t>0 



is a (P, G) local martingale. The first part of the theorem is proved. 

Suppose now that ^(1) ' {^i'')^^^[u,p)) ° 4> has a distribution function C = {Ct 

under P. It is clear that \(u,rin{4>)\ • converges in l-O'i^, G). Note that rjao = p under /i. Look 
at lim„-,-oo(M^^ - Ml). If r/„ < p for all n > 1, this limit is equal to (Mj;_ - M^) = {M^ - M^). 
li rjn = p for some n > 1, this limit is equal to (M^ — M^) also. Look at the limit 

1 1 
lim — . (M(0,al[„,p)) o = — . (M(0, al[n,p)) o 4> 

nfoo a[(p)- - a[(p)- 

We note that {u,p] \ U„>i(m,?7„] = [p{Vn>i,r,„<p}]- The time P{\/n>i,rin<p} is a J+ predictable 
stopping time. So, on the set {p{Vn>i,J7„<p} < oo}, 

l(M\U„>iKr?n] ■ (^(O'^IKp)) 

= Nvn>l,,„<p}(^(0,«lKp)) 

= ^^;^[Ap{Vn>l,T,„<p}^('')Ap{Vn>l,,,„<p} ('^■^[«.P))l'^P{Vn>l,,,„<p}-] 

= E^[l{Vn>l,,;„<p<oo}ApAf(i)Ap(al[„,p))|Jp^^^^^^^,^^^_,^j_] 

= E^[]l|v„>i,,,„<p<oo}ApA'/(i)(-ap-)|Jp{vn>i,„„<p}-] 

= ^!^[Ap{v„>l,,,„<p}^('-)(~'^P{Vn>l,,,„<p}-)l'^P{Vn>l,T,„<p}-]-^{p{Vn>l,,,„<p}<00} 

= because P{vn>i,r?„<p} is predictable and M is a bounded martingale 
We have actually 

1 1 

The theorem is proved. ■ 

The following lemma will also be useful. 



Lemma 4.9 Let u > 0. Let X be a J_^-stopping time > u. Let B he a Ju-measurahle set. If for 
any t > u, there is a Jt-measurahle non negative function It such that, ^-almost surely on u 

J T^t,I/F{(^, dx)f{x)lB{uJ, x)l{t<X{Lj,x)} 
= J 7ru,I/F{(^,dx") J Tlu,I/l{x" , dx)f{x)lB{uJ, x)l{t<X{u,,x)}h{(^, x), 

for all bounded It-measurable function f. Then, 

t^Ib > AUb, a"lBl{t<A} = limsup /t']lBl{t<A}, t > u. 



18 



Note that, if A is a J stopping time, we can replace l{t<A} pai' ^{t<\} in the assumption. 
Proof. We have 

(/ ntj/F{u,dx) + f 7iu,i/F{u;,dx") J 11^,1 / 1 {x" ,dx)) f{x)lB{oj,x)l{t<x{uj,x)} 
= J Tr^j/F{(^,dx") J 7iu,i/i{x",dx)f{x)lBiuj,x)l{t<x{oj,x)}ikiuj,x) + 1) 

It follows that (noting that {t < \} E Jt) 

(/ Titj/F{'^,dx) + J iTuj/Fiuj,dx") J 7ruj/iix",dx))f{x)lBiuj,x)l{t<x{uj,x)}hti(^,x) 

= 2/ 1Ttj/F{(^,dx)f{x)lB{uj,x)l{t<X{uj,x)} 

= J 7iu,i/Fiuj,dx") J 7ruj/i{x",dx)f{x)lB{(^,x)l{t<xioj,x)}'2ltiuj,x) 

= J 7r„,//F(w, dx") J TTuj/iix", dx)f{x)lB{uj, x)l{t<x(u>,x)} iki(^, x) + 1) 

= (/ ntj/F{uj,dx) + J TTuj/Fi(^,dx") J n^j/i{x",dx)) x)l{t<x{u,x)} 

The above identity means 

Kl{u,x)\B{^,x)\{t<x{i^,x)} = yr — h--r^B{^,x)\{t<x{uj,x)} < 2. 

Lt\UJt X) + I 

This is enough to conclude the lemma. ■ 



4.3 Results based on the process /3" 

In this subsection we study the process /3". First of all, as < 00] = 0, /3" = ^l[u,r") under 
11. 

Lemma 4.10 Fix u > 0. Let p to he a S+-stopping time such that u < p < v"^. We have, for 
any S+-stopping time k, with u < n < p, for any A G Jk+, 

Consequently, l[o,«) + /3"l[u,p) is a (/i, J+) supermartingale. 

This lemma can be proved in the same way we have proved Lemma 14.61 

Theorem 4.11 Let u > 0. Let M be a positive (P, F) local martingale (assumed to be adap- 
ted). Then, M/3"((/)) is a (P, G) supermartingale on [u,oo). In particular, if, for a G stopping 
time T >u, P^i.^) > f -almost surely, M is a (P, G) semimartingale on {u,T]. 
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Proof. By stopping M with stopping time, we can assume that M is in class(D). We have, 
for t > s > M, for A G J°j^, 

= Ep[lA(0)Mi/3"(0)a{t<."W}] (see LemmalMl) 
= E^[lAM(0i/3ri{t<«"}] 

< E,.[]lAM(0^]l{.<^,«}] 

= E^u [IL^M(6)sl|s<,L,u}] according to Lemma 14.41 

= E^[lAM,(0/3ri{.<„.}] 

= Ep[1a(0)M,/3'^(0),1{,<„.(^)}] 

= Ep[1a(0)M,/3'^(0),] 

This means 

Ep[Mi/3"(0)i|e;:+] < M,/3"(0), 

Notice that the above computation shows also that Mt/3"(</))j is P integrable. Applying Lemma 
I4.H we prove the first part of the theorem. 

To see the second part of the theorem, we need only to note that ^J^^^ is a (P, G) semimartingale 
on (u,T] according to Proposition 2.9]. I 



5 The classical results 

In this section, we work on a probability space (fi, P) satisfying the topological assumption 
(i.e. the existence of F° behind the filtration F) as it is described in the subsection 14.11 

One of the motivation to introduce the local solution method was to provide a unified inter- 
pretation of the classical formulas. That is what is done in this section. We employ the same 
notations as in the preceding section. 

5.1 Jacod's criterion 

We consider a random variable ^ taking values in a polish space E. We consider the enlargement 
of filtration given by 

= a>t(J-, Va(0), t>o 
It is the so-called initial enlargement of filtration. In jT^ , the following assumption is introduced 

Assumption 5.1 (A') For any t > 0, the conditional law of ^ given the a-algebra J^t is abso- 
lutely continuous with respect to the (unconditional) law X of ^ 

It is proved then (cf. [TTf Lemme(L8)]) that, if g = qt{x) = qt{u},x) denotes the density 
function of the conditional law of ^ given the a-algebra with respect to X{dx), there exists 
a jointly measurable version of q such that t — )■ qt{u,x) is cadlag, and for every x, the map 
{uj,t) — )■ qt{u,x) is a (P, F) martingale. 
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Theorem 5.2 ( [T% Theoreme(2.1)]) For every hounded F martingale M, it is a G special 
semimartingale whose drift is given by the formula : 



Let us see how the above formula can be obtained by the local solution method. We have 
assumed the existence of F° behind the filtration F. Note that, if Assumption(A') holds, since 
C J^t,t > 0, the same assumption holds with respect to the filtration F°. Let p = pt{x) = 
Pt{u,x) denote the density function of the conditional law of given the J^^ with respect to 
X{dx). We also assume that qt{u,x) is J_|_ adapted by Lemma [4.11 

Define the process / by = ,^,Vt > (/ is a constant process taking values in the space 
C(M+, E) of all continuous function on IR+ taking value in E, equipped with the natural filtra- 
tion). Define the filtration G° as in subsection 14.11 Then, the filtrations G and G° are related 
in the way : Qt = Qt+ V A/", t > 0, as in subsection 14.11 

Let n > 0. We have clearly 7^u,i/i{y" ,dy) = 5yii[dy). For x E E, denote by the constant 
function at value x. The process I is written as J = c^. For t > u, for any bounded borel 
function F on J, we have 

J n,j/pi\, dy)Fiy) = E[F(/)|J-°] = nH^dl^t] = j F{cM^)\{dx) 

Therefore, 

/ 7rt,//F(i, rfi/)F(y)]l|p^(yo)>o} 
= /^(Cx)l{p4(c.)o)>o}Pt(a;)A(rfx) 

= /^(^^)gfegl{P4(c.)o)>0}Pn(x)A(rfx) 

= /7r.,,/Hi,c?Z/)F(?/)£gl{p.(,o)>o} 

= / vr.,,/^(i, dy") J vr„,,/,(y", ciy)F(y)ggl|,„(,„)>o} 
By Lemma HiSl we conclude that r"(a;, , y)l{p„(a;,yo)>o} = c«l{pu(w,yo)>o} under (/i + z/") and 

«t {^,y)^{pu{uj,yo)>o} = l{p4'^,yo)>o}— 777— y, t > U 

From now on, let u = 0. By the first formula in Lemma [4.6[ the measure 1 {pp {yo) >o} ^p a(^y°) 
coincides with l{p(,(^^o)>o}'^/^ on J'tJj^. By the second identity in the proof of Lemma [4. 5 j we can 
write, for A e J^^,B eXt 



flA{u;)lB{yniM^,y,)>o}^,du%du,dy) 
Ep[]l^( 

Ep[]1a( 



) J no,j/F{\,dy") J rroj/i{y",dy)lB{y)l{M^,y,)>o}^] 
l/7ro,,/^(i,rfy)]lB(y)l{po(i,yo)>o}SlS] 
) / ]l^(c,)]l^^^(. (,^)^)>o^|iW|gpo(i, x)X{dx)] 
) J ]lB(c^.)l{po(i,x-)>o}9t(i,^)A((ix)] 

)E[lB{c^)l{po{\,ii)>0}\J^t]] 
lli?(/)l{po(i,O>0}] 



E^[1a(01b(C)1{po(.,Co)>o}] 
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On the other hand, with the martingale property of q{x), we check that l{po(<^,y())>o}|^(^^; t > 0, 
is a (z/", J+) martingale. The above identity remains valid, if we replace t by t + e, e > 0, and 
if we replace l.A{i)T^B{0 by a l-c,C G J^t.+ - Let then e 4 0. We prove thus that the two 
measures l{po(w)>o}^^c^i^° and l{po(w)>o}f^f^i^° coincide all with l{po(,,<^o)>o}rf/i on Jt+. 
Consequently l{po{j/o)>o}^5^ = l{po(s/o)>o}f^ i/O-almost surely. 

Note that p = ool|pp(yjj)>o} is a J+ stopping time with < p < r°. Using the product structure of 
the random measure 71o^f/f{(^, duj')'g)7roj/j{y, dy'), we check that ^{po{yo)>o}^J^ q{x)y-^) 
is a version of (M(i), a°l[o,p) )''''■•''+. As 

E[l{p„(|)=o}] = E[E[]l|p„(5)=o}|J^o]] = ^{po{x)=o}Po{x)\{dx)] = 
we have p(0) = oo P-almost surely. 

Now Theorem 14.71 is applicable. We conclude that M°° — M° is a (P, G) special semimartingale 
whose drift is given by 

1(o,pW1^ ■ ((M(0,a°l[o,,))^"^-) o0 = -L_ . ((g(x),M)")|^^^ 

This proves Theorem 15.21 



5.2 Progressive enlargement of filtration 

Consider a positive random variable t (assumed not identically null). We introduce the process 

/= ]I(t,oo) eDf(M+,M) 

where D^(M+,M) is the space of all caglad functions. We equip this space with the distance 
d{x,y),x,y G D^(]R_|.,M), as the Skorohod distance of x+,y^ in the space D(M+,M) of cadlag 
functions. Let G be the filtration of the cr-algebras 

Qt = n,>t(J^Va(/„ : u < s)), t > 

It is the so-called progressive enlargement of filtration. In [22| Proposition(4.12)], it is proved : 

Theorem 5.3 For all bounded (P, F) martingale M , the stopped process is a special (P, G) 
semimartingale whose drift is given by 

l(M^.((iV,Mr + B^O 

where Z is the Azema supermartingale E[t < t|J-t],t >Q,Nis the martingale part of Z , and 
B^^ is the (P, F) dual project of the jump process ]I|o<t}AtMlrt^oo)- 

We call the formula in this theorem the formula of progressive enlargement of filtration. Let us 
look at how the above formula can be established with the local solution method. Firstly recall 
that the existence of the filtration F° is assumed. Notice that this filtration plays only the role 
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of an intermediary. We can choose suitable F° according to the situation. By Lemma 14. 1^ we 
can assume that Zt = E[]l|f<t}|J-f], t > 0, is a borel function. We can then suppose that the 
stopped process Z* is measurable. 

Let X be the natural filtration on D^(M+,M) generated by the coordinates. For x G DS'(M+,M), 
let p{x) = inf{s > '■ Xg ^ Xq}. We consider p as a function on Q x D(M+,]R) in identifying 
p{x) with p{({uj,x)). 

Note that, for t > 0, /* = on {t < t} so that 

a{I, : s < t) n {t > t} = {0, n {t > t} 

We now compute a" for u = 0. For any bounded function / G Xj, /(J)]l{t<t} = /(0)l{f<t}. 
Hence, 

J TTQj/i{I,dx)f{x)l{t<p{x)} = E[/(/)l|t<t}|o-(/o)] 

= /(0)E[]l|i<t}|a(/o)] = /(0)P[t < t] = /(0)P[t < t](l - Jo) = / f{x)6o{dx) F[t < t](l - Jo) 
We have then 

/ 7ro,//F(i, dx") J 7ro,///(x", dx)f{x)l{t<p{x)} 
= J vro,//F(i, dx")f{0)F[t < t](l - x'o') 
= /(0)P[t<t]E[l-/o|J-o°] 
= /(0)P[t<t] 

As for Titj/F, note that, by supermartingale property, if Zq = 0, Zt = 0. Hence, we have 

J 7rt,i/F{i,dx)f{x)l{t<p{x)} 
= E[/(J)l|,<»}|J-°] 

= /(0)E[]l|,<t}|J-,°] 

= J ^o,i/F{i,dx") J Troj/j{x",dx)f{x)l{t<p(^)}p^^ 
By Lemma [4.91 we conclude that > p under {p + u^) and 

a%u,x)l{t<p(x)} = lim ^j^-^l{t<^(,)l = p[f^ ^{*<pW}' ^ > 0' 
according to [22| p. 63]. 

We now compute (M(i),a°l[o,p))'' '^+. We recall that M and Z are (z/°,J+) semimartingales. 
Let to = inf{s : P[s < t] = 0}. Then, 

j 7roj/j{I,dx)l{to<pix)} = E[]I|t„<t}|a(/o)] = P[to < t] = 

We conclude that, under z/°, the process Vt = p[t<t] ^{t<pi^)} well-defined J_|_ adapted with 
finite variation. By integration by parts formula, we write 

d{ZtVt) = Vt-dZt + Zt-dvt + d[Z, v\t 

Therefore, 

d[M{i), Zv]t = Vt-d[M{i), Z]t + Zt_d[M{i),v]t + d[M{i), [Z, v]]t 
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We deal successively the three terms at the right hand side of the above identity. Let < s < t. 
Let A G and B ^ Ig. In the following computation we will consider the functions on Q 
and respectively on D(M_|_,M) as functions on the product space Q x D(M+,]R). We give up the 
notations such as l or (. We will not denote all u and x. Begin with the last term. 

E,o[1a1b ([M, [Z,v]]t - [M, [Z,vM 
= E[f 7ioj/i{I,dx) f 7ro,F/F{\,divnAU{[M,[Z,v]]t-[M,[Z,vM 

= E[J 'KoJ/l{I,dx)lB j7ro,F/F0,doj)lAEs<u<t^uMA^ZA^v] 
= ^[J '^OJ/liIidx)lB J TTo,F/F 0,du)lA fgAM[M, Z] J 
= E[J 7ro^F/F{\, du)lA Jg d[M, Z]^ J txo,i/i{I. dx)\BKv] 

Look at the integral J 'KQjji{I ,dx)\B^uV (noting the t > n > s > 0). 

j nQjii{I,dx)\BAuV = E[1b(/) f|^]l„<t - p[^IL„<tj |o-(/o)] 

= E[1b(0) (f^l«<t - p[^l«<t) Wilo)] 
= lB(0)E[|^l„<t - pj^]l„<t|o-(/o)] 
= ^■B(0)E[pj^l„<t - pj^]l„<t] 
= 

Consequently 

E,o[1a1b{[M, [Z,v]]t - [M{i), [Z,v]]g)] = 0. 
Consider the second term. 

E,o[1a1b JgZ^_d[M,vl] 
= E[f TToj/i{I, dx) J 7ro,F/F(i, duj)lATi-B Jg Zu-d[M, 

= E[J TToj/i{I,dx)lB J no^F/Fi^, duj)lAY.g<u<t ^u~^uVAuM] 
= E[J 7roj/j{I,dx)lB J 7To,F/Fi^,du!)lA Jg Zu-^AuVdMu] 

because under TTQ^F/FO^du) f is a deterministic process 
= because M is martingale under 7ro,F/F(i, c^i^) 

Consider the first term 

E,o[1aU JgVu~d[M, Z]u] 
= E[J 7roj/j{I,dx) J no^F/F{^,du)lA^B Jg Vu-d[M, Z]^] 
= E[J noj/j{I,dx)lB J no^F/FO,du)lA Jg Vu-d[M,Z]u] 
= E[J noj/j{I,dx)lB J '^o,F/F {\,du)lA JgVu-d{M, Z)^ 
because under nQ^F/F{^,du) w is a deterministic process 
while M and Z has a same behavior as under (P, F) 

Combining these three terms, we obtain 

E,o[1a1b Jgd[M, Zv]u] 

= E[J 7roj/l{I,dx)lB J 7lo,F/Fi\,duj)lA JgVu-d{M,Zf,^] 

= EA^AtBjgV^.d{M,N)^f] 
By a usual limit argument, we conclude from this identity that 

(M, Zvy°-^+ = v_ . (M, A^)'^-^ 
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We can then compute 



rf(M,aO]l[o,p))f''+ = d{M,Zv)f'^ 

= vt-d{M,N)l^ 

= W<i}^{t<P}d{M,N)r 

= mi]Mt<P}^d{M,Nrj 

= al^d{M,N):-^ 



Zt 

and we obtain 



Theorem 14.71 is apphcable. l(o,p((/,)] . M is then the sum of a (P, G) local martingale and the 
following process 



= l(o,t]^ . (M, iV)" + ]l|o<t}AtMl[t,oo) 

This being done, to obtain the drift of M in G, we need only to compute the (P, G) dual 
projection of the process 

which is given by l(o,t];^ ■ B^^, according to |20l Lemme 4.]. Theorem 15.31 is proved. 



5.3 Honest time 

We consider the same situation as in the subsection 15.21 But we assume in addition that I is a 
honest time (see [22| Proposition (5.1)]). This means that there exists an increasing F adapted 
left continuous process A such that At < t A t and t = At on {t < t}. Let G {t < t}. Then, 
for any e > 0, G {t < t + e}. So, t{u) = A+,(w). Let e i 0. We see that t(a;) = At+{uj). In 
fact, we can take 

At = sup{0 < s <t: Zs = l}, t > 0, 

where Z = ^■'^-°(l[o,t]). 

We will now establish the formula of enlargement of filtration for honest time, using the local 
solution method. As in subsection 15. 2[ we assume that A and Z are F° adapted. The formula 
before t has already been proved in Theorem 15.31 Let us consider the formula after t. 

Fix u > 0. For t > u, 

a{Is : s <t)n{t<t} = a{{t < s} : s < t) n {t < t] = a{t) n {t < t} 

So, for any bounded function f E It, 

J vr„,///(/,(ix)/(x)l{p(x-)<n} = IE[/(/)]l{t<„}|cr(/s ■■ s <u)] 
= E[/(/«)]l|t<„}|a(/, :s<n)] 

= /(-^")l{t<«} = f{I)T^{p{i)<u} 
= I fix)^{p{x)<u}Si{dx) 
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As for iTtj/Fi we have 



/7ri,,/^(J,rfx)/(x)l|,(,)<„} = E[/(/)]l|t<„}|J-r] 

= E[/(l[t,oo))l{t<.}|-^r] 
= E[/(l[^„,oo))l|t<„||J-°] 

= /(l[^„,oo))E[ln<„||J-°] 

Let m" = E[]l|t<u}| J^], t > m. We continue 

/ T^tj/ril, c?x)/(x)l{p(^)<„}l{„«>o} 

= /(l[A„,oo))K'l{m«>o} 
= /(l[A„,oo))^l{m^>0}K 

= J 7ru,I/F{I,dx") J TTuJ/l{x",dx)f{x)^l{rn^yOyl{p^^)<^u} 

By Lemma [4.91 we conclude that T'^^{p<u}^{m'i>o} = oo]l{p<M}Ii{m^>o} under (/i + z/") and 
(w,a;)l{„u(^)>o}l{p(x)<«} = ^— -T-l{mj;H>o}l{p{x)<«}, ^ > 



It is straightforward to compute l{mj;(t)>o}l{p<u}l(«,oo) ■ (M(6), which is given by 



Let us compute (M, m!|:) . We begin with m". It is a bounded (P, F) martingale. For t > 



- E[ln<4|J-,] 

= E[l{t<«}l{t<t}|-^t] 

= E[]l|^,^<„}]l{t<i}l-^t] 
= l{A,+<„}E[ln<t||J-i] 

= l{At+<«}(l - Zt) 

or 

= E[l{t<^]l{t<t}|J-t] 
= E[l{^,<„}l{t<t}| -Fj] 

= l{A,<„}E[l|t<t||J-t] 
= l{At<«}(l - ^t) 

Note that, if t G {Z = 1}, At+^ > t for any e > so that At+ > t. But < t so that At+ = t. 
Let Tu = inf{s > u : > u}. On the set = u}, = u. On the set {A^^ < m}, 

Tu = inf{s > M : s G {Z = 1}}, where we have At = A^ for u <t < Tu, and = T„ > m if 

Tu < oo. Note that, according to [Jeulin Lemme(4.3)] {Z = 1} is a closed set. It follows that 
Tu & {Z = 1} whenever T„ < oo. Therefore, on the set {Tu < oo}, 

^- Ztu = Zt^ - Zt^ = "~°(l[t])T„ = E[l{t=T„}|-FT„] 

Set = l.^At+<u} = l{t<Tu} (For the last equality, it is evident if t < n. It is already explained 
for t = u. For t > u, the condition Af+ < n is equivalent to say Au+ < u and Aj+g < u 
for some e > 0, which implies T„ > t + e. Inversely, if Tu > t, we will have Au+ < u so 
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that [u — e,u] (1 {Z = 1} = for some e > 0, because {Z = 1} is a closed set. This means 
At+ <u — e.). We compute ioi t > u 

- Z))t = -wtdZt - (1 - Zt„_)1{t„<o + Ar„Z]l{T„<i} = -w:_dZ, - (1 - ZTjl{T^<t}. 
Consequently 

= -wf^d[M,Z]t-ATjHl-ZTjliT^<t} 

Let V denote the (P, F) predictable dual projection of the increasing process At^M(1— Zr^)l|u<j'^<(}, t > 

u. Let (resp. A^) denotes the (P, F) optional (resp. predictable) dual projection of ]l|o<t}l[t,oo)- 
For any bounded F predictable process H, we have 

E[j;;° H^dvu] = E[HtAt^M{1 - ZtJ1{u<t^<oo}] 

= E[i7T„AT„ME[ln=r„}|^Tjl{.<T„<oo}] 
= E[E[HTAT^Ml{,=T^y\TrJMu<T^<oo}] 

= E[E[H^\M1{,=tJJ^tJMu<t^<oo}] 

it<T„<oo}J 

= E[i/tAtMl{t=T„}l|„<t<oo}] 
= E[i/tAtM]l|t<r„}Jl{„<Koo}] 

because E {Z = 1} and t is the last instant of the set {Z = 1} 
= E[J^ i7,A,Ml(„,T„](s)c/(l[t,oo))s] 
= E[/,°°i7,A,Ml(„,Tj(s)(i4] 
= E[J^ i/, A,Ml(„,r„] {s)d{A' - A'),\ 

because M is a bounded martingale and A' is predictable 
= Elf"- E,d\M,A^- A%\ 

= E[/^if,d(M,i'-Aon 

Putting these results together, we can write 

l{mj;(0>o}lMx)<«}l(«,r"]^ ■ {M{L),a''y"-^+ 

= l{p(x)<?i} y^(u,oo)'^{m]i>0}J^ ■ (M, m")'^''^j (i) 

= 1|,(.)<„} (l(„,^)l^„„>o^ . . (M, iV)" - . (Af, I' - AT"")) (0 

= -l{p(.)<«} (l{™,>o}lKTjT^.((M,iV)"+ (M,I'- ^r-")) W 
Pull this identity back to Q, we have 

l{rn.->0}l{pW<n}l(«,r"W]^^^ . (M(0 , (0) 

= -]I|K«}l{n^^>o}l(«,T„]Tz^.((M,Ar)"+ (M,I^-Ar") 
= -l|K«}lI|i_z„>o}lKT.]Tz^.((M,A^r + (M,A'- Ar-'^) 

= -l{t<„}lKoo)Tzk ■ + {M, A' - Ay-^) 

because on the set {t < u}, 1 — Z„ > and Tu = oo. 
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Now we can apply Theorem 14 .7^ according to which (noting that, according to Lemme(4.3) 
ii) and p. 63], 1 — > on (t, oo)) l{p((/,)<u}l{m^>o}]l(M,T"((^)] ■ M is the sum of a (P, G) local 
martingale and the following process with finite variation : 

In particular, noting that, on the set {m" > O,p(0) < m} = {t < m}, r(0) = oo so that 

l{O<r"(<^)}Ar"((/))^l[r"(0),oo) = 0, 

the above formula implies that IL{t<M}l(M,oo) ■ M is a (P, G) special semimartingale whose drift 
is given by 

]l{t<.}]l(.,oo)^^ . ((M(0, o = . ((M, iV)"+ (M, A' - A^'^) 

For M G Q!)., set B.^ = {t < u} fl (n, oo). The are G predictable left intervals. For every 
u e Q;^, 1b„ . M is a (P, G) special semimartingale with the above given drift. The first and 
the second conditions in Assumption 13. II are satisfied. 

The random measure generated by the above drifts on UMgQ;^B„ = (t, oo) is 

Knowing the '^■'^~P(l(t,oo)) = (1 ~ "^^^ be checked that this random measure has a 

distribution function. Lemma 13.31 is applicable. It yields that l(t,oo) ■ M = lu„gQ. b„ ■ is a 
(P, G) special semimartingale with the drift 

-l(t,oo) . ((M, iV)" + (M, A' - AT^) 

We have thus proved the formula of enlargement of filtration for the honest time t (see 
Theoreme(5.10), Lemme(5.17)]). 

Theorem 5.4 Let G be the progressive enlargement ofW with a honest time t. For all bounded 
(P, F) martingale M, it is a special (P, G) semimartingale whose drift is given by 

l(o,t]^ . m Mf-' + B^O - l(t.oo) ■ ({M, Nf-^ + (M, A' - AT^) 

5.4 Girsanov theorem and the formula of enlargement of filtration 

We have proved the classical formulas with the local solution method. Compared with the initial 
proofs of the classical formulas, the local solution method is made on a product space which 
bear more structure and provides some interesting details, especially when we compute a" and 

(M(0,«"]l[„,p))""-'+- 

The local solution method shows another interesting point : the Girsanov's theorem in the 
enlargement of filtration. When one look at the classical examples of enlargement of filtration. 
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one notes immediately some resemblance between the enlargement of filtration formula and 
the Girsanov theorem formula. It was a question at what extend these two themes are related. 
Clearly, Jacod's criterion is an assumption of type of Girsanov theorem. As for the progressive 
enlargement of filtration, [17] gives a proof of the formula using Girsanov theorem in a frame- 
work of Follmer's measure. However, the use of Follmer's measure makes that interpretation 
in [17] inadequate to explain the phenomenon in the other examples such as the case of honest 
time. In fact, not all examples of enlargement of filtration give a formula of type of Girsanov 
theorem (see Section [8]). However, locally, if we can compute the function as in Section I^l9| 
we will have a formula on the interval (u, r"(0)] which is of type of Girsanov theorem, because 
Theorem 14.71 is a generalized Girsanov theorem (cf. |27l H7]). The local computation of a" is 
possible in the case a honest time as it is shown in subsection 15.41 That is also the case in most 
of the classical examples. 



6 A different proof of [[21, Theoreme(3.26)] 

Theoreme(3.26) in [22] is a result on initial enlargement of filtration. It is interesting to note 
that this result was considered as an example where general methodology did not apply. We 
will give a proof using the local solution method. 

Let f2 be the space Co(M+,M) of all continuous real functions on ]R_|_ null at zero. The space ^ 
is equipped with the Wiener measure P. Let X be the identity function on f2, which is therefore 
a linear brownian motion issued from the origin. Set f/^ = sup^^jX^. Let F° be the natural 
filtration of X. Define the process I hj If = U,'^t > (/ is a constant process taking values in 
the space Q). Define the filtration G° as in Subsection 14. 1^ as well as the filtrations F and G. 

For z & Q, denote by Zt its coordinate at t > and by s{z) the function sup^^-j. z^,,t > 0. 
Let Pu{z) = inf{s > u : Ss{z) > 5u{z)}. Let T„ = Pu{U) (p„ is considered as a map without 
randomness, while T„ is a random variable). For x G C(]R+, Q), Xt denotes the coordinate of x 
at t. Let I is the identity function on W^. 



Theorem 6.1 Theoreme(3.26)] Let M he a (P, F) martingale. Then, M is a G semimar- 
tingale, if and only if the /J ^ \d{M, X)f^\ < oo for all t > 0. In this case, the drift of M 



is given by 



U -X V T- I 



(M,X) 



We use the notation introduced in subsection 15.11 Note that I = Cu and hence a{I)oo = 
cr{U) = cr(/)o. We have 7iu,i/i{x" ,dx) = l{x"eE}Sx"idx). To compute Htj/p we introduce B to 
be the process Bt = Xi^^t — for t > 0. We have the decomposition, t > 0, 

Ut = t/t]l{t<x„} + t/t-x„+x„l{x„<o = U^^{t<%^} + {5t-'xSB) + Uu)^{:x^<t} = U^+5t--,SB)^{%..<t} 
This yields 

= a(f/",T„,5(5)) 

We note that 5{B) is independent of Therefore, for any bounded borel function / on 
C(M_|_, there exists a suitable borel function G such that 

Ep[/(cc;)|j:xJ =G(f/",T,) 
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Now we can compute the function for t > u. 

= Ep[/(J)]l,<xJJT] 
= Ep[/(cf/)li<xJJ-r] 

= Ep[Ep[/(Cf;)|J-xJli<xJ-^r] 

= Ep[G(f/",TJlt<Tj-Fr] 

= Ep[G(f/",T^„o^, + t)l,<^JJ-°] 

where 6 is the usual translation operator and Ta = inf{s > : Xg = a} 
see [211 p. 80] for the density function of 

and, for a positive borel function g on M+, 

/ 7r„j/i7'(X,rfx)/(x)5((p„(xo)) 
= Ep[/(J)^?CI0|J-:] 
= Ep[/(cc;)<7Cr„)|J-:] 

= E^[G{U\Tu^oe^ + u)g{Tu^oe^ + u)\J^°] 



Set 

^{y.o) = -==—36-^, 2/ > 0,a > 
yzTT 

The above two identities yields 

/ 7rtj/F{X, dx)f{x)lt<p^^xo) 
= J^'^GiU\s)<iliUt-Xt,s-t)dslt<'x^ 
= G{U\ s)li<,*(f/t -Xt,s- t)dslt<^^ 

= ^:G{u-.s)l,,.^|t^,^:^e-'^ds^,,,^ 



Let us identify X[i) with X. According to Lemma [4. 9[ r" > pu{xo) and 

Under the probability z/", X is a JI+ brownian motion. Note that pu{xo) is in j7o and T„ is a 
stopping time in a brownian filtration. So, Pu{xo) A is a JI+ predictable stopping time. The 
martingale part of a" on {u, p«(xo) A T^) is then given by 



^0iUt-Xt,p^{xo)-t)dXt 



■^{Uu-Xu,puixo)-u) dy 
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The continuity of the processes makes that the J+ predictable bracket between M and X under 
I/" is the same as that in (P, F). Theorem 14.71 is apphcable. Hence, ■ ^ is a (P, G) special 

semimartingale with drift given by 

-1, , — \ — (1 _ f \ . iM,X) 

Note that the above random measure has a distribution function, according to the argument 
in [221 P-54]. Note also that we can replace ^'^"^(^ by in the above formula, because for 

t e (u,T„], T„ = Tt. 

Now we consider the random left intervals B„ = (n, T^] for u G Q+. The drift of l(u,Xu] gene- 
rate a random measure dx^ on ^u<^q+{u, T^i], which is clearly diffuse. Note that U„gQ^(n, T„] \ 
{f/ > x} is a countable set. Hence 

According to Lemma [3. 3 [ if dx^ has a distribution function, luugQ^Cn.iu] ■ M is a (P, G) special 
semimartingale whose drift is the distribution function of dx^- We note that the set U^gQ,^ (m, T^] 
is a F predictable set so that the stochastic integral 1u„go^(u,x„] ■ M in (P, G) is the same as 
that in (P,F). But then, since l(u„go_^(«,x„])= ■ {X,X) = l{u-x=o} • {X,X) = (recalling Levy's 
theorem that U — X is the absolute value of a brownian motion), l(u„go^(u,Xu])= • M = 
according to the predictable representation theorem under Wiener measure. This means that 
M (= ]lu„go^(n,'iu] ■ M) itself is a (P, G) special semimartingale with drift the distribution 
function of dx^- 

Inversely, if M is a (F, G) special semimartingale, clearly dx^ has a distribution function. 

To achieve the proof of Theorem 16. we note that, according to \'2'2\ Lemme(3.22)] dx^ has a 
distribution function if and only if jj 1.x \d{M, X)^'^\ < oo, t > 0. We recall that X does 
not satisfy that condition. 



7 A last passage time in |18| 



The computation of is based on absolute continuity of iitj/F with respect to J -Kuj/p^u, dx")7ruj/i{x" , dx). 
The random time studied in this section is borrowed from [18] proposed by Emery. We will 
compute its a". This computation will show a good example how the reference measure can be 
random and singular. 



7.1 The problem setting 

Let W he a. brownian motion. Let C, = sup{0 < t < 1 : Wi — 2Wt = 0}. We consider the 
progressive enlargement of filtration with the random time C,- According to [18], the Azema 
supermartingale of ^ is given by 

F[t < ^1 J-,] = 1 - /i(4==) 
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where h{y) = y ^ Jq s^e ^2 ds. This will give the formula of enlargement of filtration on the 

random interval [0,.^] as it is shown in Theorem 15.31 So, we consider here only the enlargement 
of filtration formula on the time interval [E,-, 00). We consider this problem for W . 



7.2 Computing r", for < w < 1 

We assume that F° is the natural filtration of W. We introduce / = l[5,oo) ^ D(M+,]R). Let X 
be the natural filtration on D(]R+,R). For x G D(M+,M), let p{x) = inf{s > : = 1}. In the 
following computations, we will write explicitly variable x G D(R+,]R), but omit writing u. We 
will not write the variables of the functions a", r". 

Fix < M < 1. For u < t < 1, for any bounded function / G It, 

J 7rtj/i{I,dx)f{x)l{p^^)<:t} = f{I)l{!^<t} = J f{x)l{p^^)<:t}Si{dx) 

Also, 

j7rtj/F{W,dx)fXx)l{p^^)<u} = E[/(/)]l|5<„}|J-°] = E[/(]l[5,oo))]l{5<.}|JT] 

Let us compute the conditional law of ^ given T^. It will be based on the following relation : 
for < a < M, 

{e < a} = {inf,<,<i Ws>^>0}U {sup„<,<i W^, < ^ < 0} 
We introduce some notations : 

xi*^ = inia<s<t Ws 



gt{c,b) = l{c<b}T^{o<b}^^y=^exp{-^2^g^} 



ht{e,d,b) = gt{c,b)dc= J^'^'^l{o<b}^^^exp{-^^^^}dc 



kt{z, y) = jy gt{y, h)dh = exp{-^2^^}l{o^h}db 

T,_t = sup,<,<i(-(iy,-Py,J) 

Ti„i = sup,<,<i(iy,-m) 



Now we compute 



inf„<^<i Ws = mia<s<t Ws A inft<3<i Ws = infa<,<t Ws A {Wt + mft<s<i{Ws - Wt)) 



mf a<s<t Ws A (Wt - SUp,<,<i(-(iy, - Wt))) = K^a^ A (W^* - F 



and similarly 

sup Ws = sup Ws V sup Ws = sup Ws V {Wt + sup {Ws - Wt)) = ^i*) V {Wt + Ti_t) 



a<s<l a<s<t t<s<l a<s<t t<s<l 
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Hence, 



n^^a^ A {Wt - ri_i) > m^m+wi > o| 
+p[ei*^ V {Wt + Ti_t) < ^^-^'+^' < 0|J7] 



+pK*^ V {Wt + Ti_i) < 

IZo^^ir^^ 9i-t{c,b) ^ 
cf. 1211 Proposition 8.1] 



Wi-Wt+Wt 



'^{Wt-2xi*^A{Wt-b)<c<Wt} ■^{-m+26»i*'v{iyt+fe)<c<-m} 
= rf6 - 2x^) A {Wt - 6), W^t, b) + dh h.t{2e^a^ V {Wt + 6) - IVt, -1^*, b) 

(Here the operation A is prior to the muhiphcation.) Note that the last expression is a conti- 
nuous function in a. It is also equal to E[]l|g<a}|-Fj°]. 1 — t > being fixed, we can compute the 
difi^erential with respect to a < u under the integral. Note also 



d_ 

de 



hi-t{e, d,b) = 0, We> bAd 



We have 



.db 2da>ii 



it) 



rf,E[]l|5<4|J-°] 

g^.t{Wt - 2x^) A {Wt - b), &)l|H/.-24')A{m-b)<bAm}^{4'^<m-fe} 
+ /-^i_,(2^« V {Wt + b) - 2(-dX' 

C::% 9i-t{Wt - 2x1*), b)db 24x; 



(^)^ 



^U'^m /m-2xW 9l-tm - 2x1*), b)db 2daK^^ 

^9i%o} i$^^w. 9i-t{2e^a^ - Wt, b)db 2(-4#) 



^{xi*)>0}' 



,(^)^ 



(^)^ 



This yields 



nf{H,oo))M^<u}\:F^] 



,(*) 



+ /o"/(l[a,oo))lr,W<o|^l-t(^i*^ " W^t, 2^i*^ " Wt) 2(-4#) 



For a < M < t < 1, 



inf„<,<t = x^"^ A xi*\ ^i*^ = sup,<,<, W, = V 9^^ 



So, 



{a<M}'^a ^^■a — l{a<it}l|^(,")<^(^t)|'^a^a , l{a<-u}lia6'a — l{a<M}l|g(^«)>gU)T, 



dM> = 1 .d„er 



Notice also 



daXa 



1 



u)-.da>ci'\ daOa'' = 1 



(«) 



/7 fl*-' 
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Let V G [u, 1). We continue the computation for u <t : 

J ■Jrt,i/F{W,dx)f{x)l{p(^^)<u}'^{t<v} = E[/(]l[^,oo))l{c<«}l{t<i,}|-^j° 



{>^r'>o} 



u)y2{—da0^a^)llt<v} 



Jo f{^[a,oo))kl-t{Wt - >ia\Wt - Ol|o<4")<4'),iy,=4")} 24Xa"^ l{t<i,} 

+ /oV(l[a,oo))A;i-i(^i*^ - l^t,2# - ]l^^^"^(„)J^w^^^J^(„)^2(-rf,^i"))l|i^^^ 

/o''/(l[a,oo)) 

(24xi")+2(-4^i")))]l|i<,} 

fo"/(l[a,oo)) 

- xi"\ - 2x^))l^p^^(„)^^^^^(„)^ + h^u{9t^ - Wu, 29t^ - Wu)l^^^,iu,^^^__ 



(t) 



(2ci,x^)+2(-4C0)l{t<.} 

= / 7iu,i/F{W,dx)f{x)l{p(^^)<u}r.{u,t,W\p{x))l{t<v} 

= J -^u,i/f{W, dx") J 7rt,i/i{x", dx)/(x)l{p(^)<„}l{t<„}S(M, t, W\ p{x)) 

where Sfu, t, W^, a) is the function : 



fci-t(ei''-vi/t,2eW-M/t) 



Applying Lemma iJl r"l{p(^)<„} > t'l{p(x)<«} and, for u < t < 



} 



p(x)- 



and 



7.3 The brackets computations 



Let us consider the semimartingale decomposition of the last expressions, which are composed 
of a part determined by the function ki^t and another part with indicator functions. Recall, 
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for z > 0, 



^(i-<)/;v„exp{-|ef}<i(lff) 



A/27r(l-t) 

^(l-0(-exp{-fef})^^^ 
^=^(1 - t) (- exp{-faf } + exp{-5ffej}) 



Hence 



and 



^i-*(C)-^*'2C)-^*) 

^^(1 - t) (- exp{-^} + exp{-^%^} 



As Ty = is (z/",JI+) brownian motion, for the above processes, their (z/", 1+) martingale 

part on {p < u} (1 {u, 1) are given by : 



1 



t=.(i - 1) ( S-P{-^} - ^^e.p{-l^} ) 



Consider next the indicator functions. Because t — )■ xi*^ is decreasing, the random set 
{t e [u, v] : p{x) < u, W,^,) = xlg) > 0, < xW} 

is a random intervaL Let be its supremum (sup0 = — oo by definition). Likely, the set 

{t e [u, v] : p{x) < u, = < 0, > ^W} 

is a random interval. Let Xg be its supremum. Since 

{p(x)<n,iy,(,) = x^"])>0}GX 
{p{x)<u,Wp^,) = efl^<0}eJu 

Ak V M and XgV u are JI+ stopping times inferior to f < r". 

Knowing the decomposition of q;"1[u,AkVu) and of a"l[u,AgVu)5 the continuity of the brownian 
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motion gives a easy computation of the brackets 



l_t expi 2(i-t)J i-t '^^Pi- 2(i-t) J 
l{«<i<AK}^C^(W^, «"l[M,A^V«))t = l{«<t<AK} 7 (t) o \ 

''=^P{-2(T^t)}+^^P{ 2(1-V) } 

l_t exp-^ 2(l-t)J 1-t ''^Pl- 2(l-t) J 

l{«<t<Ae}^C^(W',«"lKAeV«))t = l{«<i<Ae}-^ 7 — (29(*) -M/,)2 \ 

-<=^P{-2(feT}+c^Pi Ifi-t) ' 1 



7.4 The local solutions before time 1 with their drifts 



Pull the above quantities back to the initial space. We have 

(l{«<t<A.}) o = (l{p(,)<„,w , ,=^(;) >o}l{„<t<„,4-)<4*)}) ° ^ 



and 



and = ^, ef = ^. 

is a continuous function, hence is F°-locally bounded. We can now apply Theorem 14.71 
to conclude that the 1(u,Ak((^)] ■ W and l(n,Ae(</))] • W {0 < u < v < 1) are (P, G) special 
semimartingales with the following decompositions 



^{i<u}^{Wi>0}^{u<t<v}dWt 

dt{G local martmgale) + l{^<u}'^i-{Wi>o}'^{u<t<v}- ? ^ (Wt-w^)^ \ 



(-exp{-^}+exp{-115^}) 



expi 2(l-t)J 1-t '^XPI- 2(l-t) J 



1 {e<«} 1 { VKi <0} 1 {«<*<!.} 

/ Wt_ 

p{-^}+cxp{-il5^}) 

From these decompositions, we obtain also the decomposition formula for l^^<u}'^iu,v] • ^ 



dt{G local martingale) + l{^<u}'^{Wi<o}^{u<t<v}- j ^ ^wt-w^)^^^ 



7.5 The random measure generated by the drifts of the local solutions 
and its distribution function 

Let us consider a" for m > 1. In this case, / G J^u- We obtain r" = oo and a" = l,t > u. 
Clearly, 1(m,oo) . M is a (P, G) martingale with a null drift. 



36 



Let Bi,i > 1, denote the left random intervals < u} H [u, v], u, v G Q+ fl [0, 1). Let Bq denote 
the interval (1, oo). Then, Uj>oBj = 1) U(l, oo). The family of Bj satisfies the second condition 
of Assumption 13.11 

The drift of on the left intervals Bj yields a random measure concentrated on (^,1) : 

^ (-exp{-^} + exp{-m^,) * 

Since W is continuous, W — = l(^,i) ■ W + l(i,oo) ■ W. According to Lemma [3 ■3[ W — is 
a (P, G) semimartingale, whenever dx^ has a distribution function. 

We consider then the question of distribution function. We begin with three inequalities : for 

^ < M < t < 1, 

(-exp{-^} + exp{-Opi!}) 
= exp{-2^} fexp{- ^^*~^^_\')"'^' } - 1^ 
= exp{-2^} fexp{- ~'^;^^+^' } - l) 
= exp{-2^} (exp{^^^%^§5^} - 1 



and 



< 



and similarly 



2(l-t) J y^^^t' L 2(l-t) 

^ expi 2(l-t)J 2(i-t) ^ 

- ^) (- exp{-^} + expl-i-gfli} 
1 n - f] f_iWt^^^ , 
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We now compute, for any < e < 1 



< oo 
This implies that 

/■I 1 

rC/t < OO 



Applying the first of the above three inequalities, we see that the random measure dx^ has 
effectively a distribution function x^- Consequently, W — is a (P, G) special semimartingale 
with drift x^- 



7.6 Ending remark 



To end this example, we write the drift in another form : for ^ < t < 1, 



1-t 2(l~t)l l~t ^^t^T- 2(l-t) I 

- cxp{- 5^ }+cxp{- 

i_t expi 2(i-t)J I i_t ^^PT- 2(i-t) ^ 



- cxp{-^^^}+cxp{- } -cxp{-5^^}+exp{--^^^3^iii} 



l_t '^^Pl 2(l-t)J 1-t °^PT- 2(l-t)-l , i-t '^^Pl 2(l-t)J 1-t °^PT- 2(l-t) 



-exp{-2(^}+exp{--^^^p^^} _exp{-5^ii^}+cxp{--^^^3^^} 
-exp{-2(^}+exp{-i^5i=^} 



i+cxp-t 2{l-t) +2(l-t)-' 

1 _ vt^t-VKi 

-l+cxp{ } 
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Be ware of the component _ wt-Wi jn the above formula. This term is intrinsically 

related with the brownian motion bridge as it is indicated in [1]. In fact, using brownian motion 
bridge, we can have a different and shorter proof of the above enlargement of filtration formula. 



8 Expansion with the future infimum process 

This is an example which does not fit the classification of initial enlargement or progressive 
enlargement. The example is a descendant of Pitman's theorem [33]. See |2 H [22 | [29 | [35 | [38 | B3 | 
[50] . The use of the theory of enlargement of filtration to study Pitman's theorem was initiated 
in [21], and then, in [22] 150] . Later in |35], it was explained that the conditional expectation 
in the enlarged filtration could be computed directly. However, the techniques used in these 
papers stayed outside of general theory. In this section we will show the local solution method 
working on this example. 

8.1 The setting 

Consider a regular conservative diffusion process Z taking values in ]0, oo[ defined on a polish 
probability space Vt. Assume 

1. lim^-foo Zt = oo, 

2. a scale function e can be chosen such that e(oo) = 0, e(0+) = — oo. 

Define the process I = {It)t>o where It = infs>(Zt,Vt > 0. Recall that (cf. f22^, Proposi- 
tion(6.29)]), for any finite F stopping time T, 

P[It < a|^T] = eiZr) [ " d{e{c)-') l(o,a](c) 

We consider the process J as a map from Q into the space E = Co(M+,]R) of all continuous 
functions on ]R_|_. Let I be the natural filtration on E generated by the coordinates functions. 
Let F° be the natural filtration of Z. Define the filtration G° as in Subsection 14. ![ as well as 
the filtrations F and G. 

Lemma 8.1 For < s <t, let f/(s,t) = infs<^<t Z^. Then, F[It = U{s,t)] = 0. Consequently, 
P[there are at least two distinct points v,v' > s such that Z^ = Ig, Z^i = Ig] = 0. 

Proof. To prove the first assertion, we write 

¥[It = U{s,t)] = P[P[It = a\J^t]a=uis,t)] = ne{Zt) J^^' d{e{c)-')l{,=u(s,t)}] = 0. 
The second assertion is true because it is overestimated by ^[l-iteQ+.t>s{U{s,t) = It}]. I 
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As usual, for X G -E" and s > 0, the coordinate of x at s is denoted by Xs- We define Du{x) = 
inf {s > u : Xs ^ Xu}- For < u < t, lu = U{u,t) A It- Therefore, 

{t < DM)} = {In = It} = {U{u,t) > It} 

and on the set {t < the stopped process /* coincides with the process f/" A = 

If^ A lu = where denotes the process {U{s A u, u))s>o. 



8.2 Computation of a" 

Let < u < t. Let / be a bounded Xt measurable function. Consider the random measure 

J iru,i/iiI,dx)f{x)l{t<Du(x)} = E[f{I)l{t<Duii)}WiIs - <s <u)] 
= E[/(/*)l|i<,5„(,)||o-(/, ■.0<s<u)] because felt 
= E[/(J")l|,<^„(,)||a(/, :0<s<w)] 
= /(r)E[l|,<^„(,)||a(/,:0<s<w)] 
= /(J")g(M,t,J"), 

where q{u,t,x) is a X„-measurable positive function such that q{u,t,I) is a version of F[t < 
Du{I)\(t{Is : < s < u)]. The function q{u,t,x) can be chosen ladcag decreasing in t. Set 
ri{u,t,x) = l.{g^u,t,x)>o},x G E. In the following computations, the parameters u,t being fixed, 
we omit them from writing. We have 

J TTuj/iil, dx)il - r]{x))l{t<D.^(^x)} = E[l{t<D^^i)}\aiIs : < s < m)](1 - r/(J)) = 0. 

Turn back to the random measure 71u,i/f and Huj/i- 

J 7iu,i/Fi^,dx") J 7lu,I/lix",dx)f{x)r]{x)l{t<D^{x)} 

= J 7r„7/i.(i,rfx")/(x"")r/(x"")g(x"") 

= E[/(J«)r/(J«)g(J")|J-°] 

= E[/(f/"A4)r/(t/«A4)g(f/"AJ„)|J-:] 

= E[e(Zj rf(e(c)-i) /(f/« A c)r/(t/« A c)g(?7" A c)| 

= e{Zu) /o^" d{e{c)-^) A c)r/(f/" A c)g(f/" A c) 

Consider nextly the random measure iTtj/p- 

J 7rt,//ir(i, dx)f{x)ri{x)l{t<Du{x)} 
= E[f{lUl)l{t<D.in}\J't] 
= E[/(f/" A ItMU"^ A /i)]I|c7(„,t)>7,}| 

= E[e{Zt) J,^' dieic)-^) fiU^ Ac)rjiU^ Ac)l{uiu,t)>c}\J't] 
= e{Zt) jf d{e{c)-^) f{U^ Ac)7]{U^ Ac)l{u{u,t)>c} 

noting that c < U{u,t) < A Zt 

and the coordinate of (t/" A c) at m is A c 
= e(Z„) rf(e(c)-i) /(t/- A c)^(^l{t;(„,)>(f/.^,)„}r/(f/" A c)g(f/" A c) 

= TO /vr„,///(x",rfx)/(x)r7(x)]l{t<B4x)}^l{c/(«,t)>x„} 
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For X G E and G fi, let 



1 

q{u,t+,x) ' 

inf{s > u : Zs{uj) < Xu}, 
mf{s > u : q{u, s, x) = 0}, 
ilj{uj,x) A A(a;) A -D„(x). 

According to Lemma r"(a;,x) > A(x) A Du{x) and 

<i{p>i} = 4l4^ti{p>*}. u<t. 



Wt{x) = 

i/jiu^x) = 

X{x) = 

p(uj,x) = 



8.3 Local and global solution 

The integration par parts formula gives the following identity under the probability z/" on the 
interval (u, oo) : 



Here e{Z) is viewed as a (z/", J+) local martingale. 



Let {e{Z)) be the quadratic variation of e{Z) under P in the filtration F. We notice that it 
is F-predictable. It is straightforward to check that {e{Z)) is also a version of the predictable 
quadratic variation of e{Z) with respect to (i^", J+). It results that 

(e(Z),a«l[„,,))'^"-J+ = e(Z„)-iiy.l(„,,] . (e(Z)) 

on the interval [u, oo). Pull these quantities back the the original space, we obtain 

ip{4>) = inf{s > u : Zs < Is} = oo 

= inf{s > u : q{u, s, I) = 0} > P-a.s. 
p(0) = D^{I) 

where the second inequality comes from the fact F[q{u,t,I) = 0,t < = 0. Applying 

Theorem 14. 7[ we conclude that 1-(u,Du{i)] • ^{^) is a (P, G) special semimartingale with drift 
given by : 

Consider B„ = for u G Q+. Note that I increases only when Z = I. Therefore, 

according to Lemma [HTT] Du{I) = inf{s > u; Zg = Ig}. Hence, the interior of LiueQ+{u, Du{I)] is 
{Z > I}. The family of satisfies Assumption 13.11 These random measures 
a diffuse random measure 

dx^ = l{z>/}^ci(e(Z)) 
on UugQ_|_(n, which has clearly a distribution function. 
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Lemma 8.2 Let G = {Z > I}. e{Z) is a Q-semimartingale. We have the semimartingale 
decomposition : 

e(Z) = e(Zo) - e(/o) + M + ^) ■ (e(Z)) + V+ + e(/), 

where M is a continuous local Q -martingale whose quadratic variation is given by ■ {e{Z)) , 
and V'^ is the increasing process defined in Lemma \3. 51 

Proof. The difference between G and Uueq+iu, Du{I)] is contained in U^gQ^ which is a 
countable set. Let A be the set used in Lemma [3.51 We Icnow also that the difference between 
A and UueQ+{u, Du{I)] is a countable set. 

Now we can check that the process e{Z) satisfies Assumption 13.11 with respect to the family 
{Bu,u G Q+) and with respect to the (P, G) special semimartingale e(/). Lemma [3.51 is appli- 
cable. We make only a remark that d{e{Z)) does not charge A\G which is a countable set while 
(e(Z)) is continuous. ■ 

8.4 Computation of 

Lemma 18.21 solves the enlargement of filtration problem. Now we want to compute the process 
V+. 

Lemma 8.3 J lGcd{e{Z)) = 0. Consequently, if X = e{Z) — e(I) and P{X) denotes the local 
time of X at 0, we have 

Proof. By Lemme 13. 5[ X = Xq + . X + . We can calculate the quadratic variation \X\ 
in Q in two ways : 

d\X\ = d[la .X + V+] = d[lG . X] = lGd{e{Z)) 
d[X] = d[eiZ) - e(J)] = d{e{Z)). 

This yields J lQcd{e{Z)) = 0. Using the formula in Lemma 18. 2[ applying [36l Chapter VI, 
Theorem 1.7], 

lit = l{x=o} . ((Ig ^) ■ (eiZ)) + V^^ = l{x=o} .V^ = V^ 



Lemma 8.4 The processes of the form Hf{If)l(^t,u], where < t < u < oo, H G J^t, f is a 
hounded continuous function on ]0, oo[, generate the €i -predictable a-algehra. 
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Proof. It is because = U{s, t) A It for any < s < t and U{s, t) G J-'t- I 



For any a > 0,6 > 0, set 6b{a) = inf{s > b : Zg < a}. Then, on the set {a < Zfy,6b{a) < oo}. 
Is = h < a ioT b < s < 6b{a), and consequently, e(/„A<56(a)) - e{ItASt,{a)) = for 6 < t < n. On 
the other hand, on the set {a < Z^, 6b{a) = oo} = {a < h}- In sum, 

T^{a<Zi}{e{IuA5,{a)) " e{ItASi{a))) = l{a<h}{e{Iu) - e(/i)), b<t<u. 

Note that Z*^ is a continuous process increasing only when Z = I. The above argument holds 
also for Z*^ : 



Lemma 8.5 For any a > 0, for any finite F stopping time (3, the W -predictable dual projection 
of the increasing process Il{a<ii3}^{i3,oo) • is given by 

-]I(^,<«)l{C/(^,.)>a}^^^ . (e(Z)) 

Proof. Let a > to be a real number. Let be a bounded F stopping time such that, stopped 
at V, the two processes (ln(— e(a)) — ln(— e(Zs)) — 1) . e{Zs) and j^^z^ • {^{Z))s are uniformly 
integrable. Let R,T be two others F stopping times such that R < T < V . Notice that, on 
the set {a < Ir}, e(a) < e^Ix) < < 0. Under these condition, we have the following 

computations : 

E[e{Iv)l{a<I^}\J'T] 

{a<Iv} 

= l{a<z,}E[l{v^Snia)}e{Zv) e{c) d{e{cr')\:FT] 

= l{a<z«}E[]I{y<5^(a)}e(Zy)(ln(-e(a)) - ln(-e(Zy)))|Jr] 

= l{a<z«}E[e(ZyM«(a))(ln(-e(a)) - ln(-e(ZyMfl(a))))|-^r]. 

We have the same computation when V is replaced by T. By Ito's formula (in the filtration F), 

ti(e(Z,)(ln(-e(a))-ln(-e(Z,)))) 
= (ln(-e(a)) - ln(-e(Z,)) - l)rfe(Z), - ^d(e(Z))„ s > 0. 

Taking the difference of the above computations, we obtain 

m{a<In} It M^sIJ^t] =n{eilv) - eilT)n{a<In}\J'T] 

= ]l|.<^,}E[/;;^«l^)(ln(-e(a)) - ln(-e(Z.)) - l)rfe(Z). - J^^^f^ ^rf(e(Z)).|^^] 

= -l{a<Zfl}IE[/r l{s<5n{a)}2^)d{e{Z))s\TT] 
= -E[Jj, t{U{R,s)>a}2^d{e{Z))s\J^T] 

This identity yields that, for any positive bounded elementary F predictable process H, 
m{a<in}InHsdeiI)s] = -E[J^ Hsl{uiR,s)>a}^)d{eiZ))s] 
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It is to notice that we can find an increasing sequence {Vn)n>i of F stopping times tending to 
tlie infinity, and each of the Vn satisfies that assumption on V. Replace V by Vn and let n tend 
to the infinity, monotone convergence theorem then implies 

E^,^,,} HJe{I)s] = -E[f^ H,^uin,s)>a}^)d{e{Z)),] 

Notice that the left hand side is finite. Therefore, the right hand side is concerned by an 
integrable random variable. Now, replace R hj 13 A Vn and let n tend to the infinity. The 
dominated convergence theorem implies 

This identity proves the lemma. I 



Theorem 8.6 f{X) = 2e(J) - 2e(Jo). 



Proof. Using the occupation formula (cf. for < t < u, 

/°(X)-/°(X) = lim- !\ll-lt)da = \im- P l{x.<,yd{X), = \\m- T l|e(z„)-e(/„)<e}rf(e(Z)) 
eio e Jq eio e j-f. 40 e 

almost surely. Let a > 0. Let 0<i?<T<\/be three F stopping times such that, stopped at 
V, the processes Z and {e{Z)) are bounded. Note that this condition implies that the family 
of random variables {Ig/^y :s>0, 0<a<l}is uniformly integrable. By convex combination 
(Vallee-Poussin's theorem), the family j^{ly — I9j^)da : < e < 1} also is uniformly integrable. 
Consequently, we can write the identity : 

pVA&R{a) 

E[Hf{e{lT))l{a<Zn}{lvMnia)-lTASMa))] = hm E[i7/(e(/T))l{a<Z,}- / l{e(Z„)-e(/„)<e}rf(e(Z)) J 

for any positive continuously differentiable function / with compact support and any positive 
bounded random variable if in J-^. We now compute the limit at right hand side. 

= mM<^<z.}UTAtS Ie\iz.)-.) d{e{c)-^)f{e{U{T, v)) A e(c))] 

= E[Hl{,^z,y] l{,^s,Xa)}d{e{Z% e{Z,) l\^,^^_^^d{e{c)-')f{e{U{T,v)) Ae{c))] 

= -2i?[iil|„<,,|i de{lMZ.? L\^z.y,) d{e{c)-') f{e{U{T, v)) A e(c))] 

according to Lemma 18.51 
= -2E[ifl|„<,^}i/;ro!e(/.)e(J.)2//:,(^(^^)_^)d(e(c)-i) f{e{U{T,v)) A e{c))] 

The above last term is divided into two parts 
-2E[Hl{,^j^y^J^ deilMh? d{e{c)-') f{e{U{T, v)) A e{Q)] 

-2E[H\{,^,^^\ g de{Qe{Iv? U{e{U{T, v)) A e(c)) - /(e(f/(T, v)) A e(4)))] 
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The first part is computed as follows : 

-2E[i71|„<,,}i de{h)e{hf Sl\,^j^).,) d{e{c)-^) f{e{lT))] 
= 2E[Hl{^,j,yf{e{lT))UTMlMQ\-^ + ^J] 

When e decreases down to zero, this quantity increases to 

2E[Hl{a<j^yfieilT)){e{Iv)-eilT))] 
The second part is overestimated by 

-2E[i/l{,<,,|i deilMhf dieicy') U{e{U{T, v)) A e(c)) - /(e(f/(T, v)) A e{Q))] 

< -2E[Hl{^^j^y^^de{lMQ'l'\,^j^y,)d{eic)-^^^^ 

< -2E[ifl|,<,,}/^^de(4)e(4)2//:,(^(^^^_^)rf(e(c)-i)||/'|U] 
= 2E[i71|,,<,,|/;'rfe(4)e(/.)2(-^ + ^)||f|U] 

= 2E[gl|.<,,j/cie(4)e(/.) %(,^)(4,^)_^) ||f|U] 

< 62E[i71|,<,,|/;^rfe(4)e(4)2^||/'|U] 

< e2E[Hl{a<i,}{e{Iv) - e(/r))||/'||oo] 

which tends to zero when e goes down to zero. In sum, we have 

)] = 2E[Hl{,^j^yfie{lT)){e{Iy) - 6(1^))] 



Using the formula preceding Lemma I8.5[ we write 

E[Hfie{lTm{a<in}ilv - ^t)] = 2E[Hl{,^j,yf{e{lT))ieiIv) - e(Jr))] 
or equivalently 



E[H^,^,^}f{e{lT)) r dll] = 2E[Hl{a<i,^f{e{lT)) f de{I),] 
Jt Jt 

Recall that, according to Lemma the family of all processes of the form l.{a<iR}H f {It)^(t,v] 
generates all G predictable processes. The above identity means then that, on V{G), the Dolean- 
Dade measure of /° and of 2e(/) coincide. That is the theorem. ■ 

Theorem 8.7 The process e{Z) is a G-semimartingale. Its canonical decomposition is given 
by : 

e{Z) = e{Zo) + M + 2e(/) - 2e(/o) + ^ ■ (e(Z)), 
where M is a G local martingale. 

Applying Ito's formula, we obtain also an equivalent result 
Corollary 8.8 The process — is a G local martingale. 
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